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ON FOUNDATION OF FUZZY DECISION MAKING 

B. Ya. Kovalerchuk 

Abstract. Bellman and Zadeh elaborated one of the methods of 
decision making in a fuzzy enviroruren ~. H owever, its application 
correctnes s for some applie d problems remains unclarified. The 
point of the given paper is to dwell on some problems desi gn ed 
to work out an appropriate correctness test scheme. Zir:!I7lerman 
et a1. have shown the application li rni ts of the Bellman- Zadeh 
method with the use of one of the minimum or product functions. 
The 13ellman-Giertz t heore n; is based on the correctness analy­
sis. It is suegested to analyze the validity of the Bellman­
Giertz axio !T~ s fo r concrete decision f.'1 aking problems inst ead 
of the experimental test of the minimum functi on correctness. 
';7hen problems are found inconsistent with these axioms 
due to dependability of the arguments, a scher:1e is pr oposed to 
ensure correctne ss by expanding the argument s et of the member­
ship function. In order to obtain such argument set for r;,ini­
T'lum number of steps in the s ense of the Shannon's function a 
certain state:.enf has been proved and an algorithm and proe:;ram 
elaborated on the basis of the given statement. The algorithm 
utilized the Hancel's le r;~a for monotone Boolean f unct ions. 

Keywords. Decision theory; large-scale systems; mathematic a l 
progra:'·.ming; Boo lean :f unction; :' onotone }300lean func tion; fuz­
zy sets ; dialogue table. 

LT::'WDUCTI 01; 

More realistic Droblem formu lation 
is required . . for ::·.any cJecisi on r:1a-
:: inf, prob le '·.3 that ap'Cear in mathemati­
cal pros r a r-.;"ing . Uncerta i n ty of a i ms 
Eln r] cr it er ions c·.ust be obvious l y c on­
sidere d . R. Bellr:1an an d L . Zadeh (1 970) 
hav e oroe-ose d. for this OUJ:T.)()se a scherre 
(BZS) : It is us ed in soiutjon of r re­
rlt nu ;o:ber of de cision r'-aking probiems 
hut there is a i'/i de disagree :.· ent 
about correctness of its usage to 
concrete problems . It is not cl e ar 
yet what problems are re l at ed to 
the sphere oft its app licat i on . T~is 

quest ion r'lay be so lved axio:",2.tica lly 
( Ball : an, Giertz , 1':373; Or l ov, 1978 ; 
Kov a l erchuk , 198 1) or e xperi~ e nta ll y 

( Tho le, Zi r.me r r.ann, Zys po, 1379). 

A rrerrbership function of intersection 
of fuz zy objective f uncti ons and f uz­
zy constraints ~or real dat3 ~ ay 
differ f r or:; [ilini rr.um or product op e­
r at ors conside re d bj' H. ;3e llman CUi ;:: 

i, . ZaJ eh . 

At preser.t ,: .u,~ e there is no testinq 

24 1 

.othod f or correctne s s of BZS to 
concrete proble ms . 

The a im of thi s wor k is to so l ve so-
e question 3 duri nG el aboration 

of such ethod . The lorric of our ap-
roach consists ir. testing of 
speci a l sys te ~ s ofax io ~ s f or con­
crete problems. ,;ell:- .'311 - Gi e rtz 
axioms give an exa: .p le of such 
a:xioi,.ati c s f or oDeration of minimum 
(;Jell:1 an -Giertz · theore :·. , 1373) . 

but in comparis on wi th .::; nUii.be r of 
ott.e r s:rst e ~: : 8 of a:x i o:::s they have 
rather de ~ inite interpretation . Jus t 
this positive pr operty - akes it cle­
ar that they hardlv refer to 
rea l problems. In particular, the 
condi tion of independence of argu-
ments does 
ussually not holu. 
In t h is work a correct application 
o f Bellman-Giertz theorem i n this 
situation is nronosed, and also 
some problems of' optimal algorith­
mi cal and pror,ra..":1 ree.lizat i on of 
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the r::ethod usinc; :'"_cnotone Boolean 
functions are solved. 

CORRECINESS PROBLE11 

Let us define - ore precisely t h e 
con cept of correctne ss of Dellman­
Zad e h ' s s c i~e: e C, ZS) ~ 'or c O:lcrete 
pro b lems. 

'.'i e SUPicose, t hat e .-requirement of 
BZS (axio .at ie s o1'['':-,z.:.» to the prob­
le r:: Z:is Ci v en precisely. ',;e a lso 
,mp :' ose th3t ,'or the pro b len Z 0z-its 
pro~erties axioms of ~roblem Z; are 

g i ven precisely. 

Then the concept of correct application of 
_, iL., to t Iie problem Z IT:3Y be forn-ali­
zed in tLe f ollov/inc; way. 

Dei initi cn 1 Acclication ofBZS to the 
problem Z is called correct, if 8 ~ 
6"" i.e. 1.':e have e~i f ro m fJ • z 

z 

I"or cone'-'f;tc :c_~ do . . at ics a more accu­

rate definition is required f or the 
concept of 11 -". I II particular this 
definition n ay b e formulated in cla-

ssical manner. If an excert knows axic:rnatics 
exactly, it is possibLe to control 
8

z 
I- 8,... 

Otherwise, we ;-cay put local questions 
which \'I e n~ ay use f or control ofaxi­
o ~s ' correctness eM f or concrete 
proble :,s. ~ ' or eX8.f'}ple, it will be 
necessary to take into consi de ration 

coc' __ -:; :' c\ ;~ .:. l ;;robab i lities ','1ith re8-
pc c t to (-~;' . ' eren t Phl't i cell::.r ::ypo~ ­

heses X aDd Y - r ( i V J~ ), 1 (A/Y), if 
A exists so that P (A)-I P( A/X ) or 
P(A)-I r(A/I), i.e. A d epends on X 
or Y. Below we analyse Bell:T:an­
Gierz's axioms (1973) ( .r:iGA ). There 
are other systems of axioms, but 
JJG1\ is f ives more useable minimum 
operator (Bellr:-.an-Gie rtz theorem). 
It is very diffi cult to fornulate 
axioms for uncertain problem Z. One 
,,;ay note that this reouirement entails 
the parad ox - uncertain problem 
and conc rete f orniul a ti on of it,; 
properties. 

This paradox may be overcome at the 
first stage of develop ~ ertt of ap p­
ro a ch by the inf erence to the check­
ing of performance ofaxion s. ixpert 
?.2'l 31.'"!8 !'3 t~e '.i"_: 2 : T~lO~ l - ia ;3..:1 axiom 

correc t in l'is prc~)le: : _ ? Hence. :i. t; 
fol lows that the problecbecomes 

psychological - is the sense ofaximl 

clear to excert a nd mav he corre­
late axiom with hiB knowledBe in hie 
field. Axioms must be formulated in 
terms of conorete field, so that ex­
pert may an~wer the question. It 
requires refusal of formulation 

of axioms in a usual number forms. 

BGA AxrOt1s FOR BZS 

~ ell ~ an,Giertz (1973) Gave axioms 
(BGA ) in propositional calculus form 
(BGA 1) and in number form (BGA 2). 

For the real croblem solved in dia­
l ogue with ex~ert only axioms in pro­
cosit i ona l calculus terms should be 
used . 

Le't us have : set of propositions 
v= {s} i set of compound proposi ti-
ons <.i) ( V )= {'PI obtaii1e C: only 
from t h e e } ec ents of set V= {3} with 
the help of it 1\ " and 11 VII; fuzzy 
oBt (se t of fuzz y propositions) 
w~ {~LIl(\.f)} , where jfi: (/) (V)~ 
.~[O, 1 .I • 

~e m bership function JV has inter­
pretation as the de c;ree of truth and 
as the i m ple ~ ent a tion of state des­
cribed by the proposition. Let us 
consider axiorc,s - BGA 1 and tV10 

properties A) and B) (BelLan, 
Gierz, 1973). which are the bas e of 
axiorr.s. A) and B) are often not con-
sidered, but they play an i ::;portant 
role f or BelliT,an - Giertz theore r:. 
( 1 973) and f or us i ng it:; re sul t ir.. 
l' eal, actual problems. They are: 
A) V={3:1j1IfE(,Q(VJ"-V) Il. 'f = S}, 
1.. e. there does not exist ;] E- V so that 
S is con s truction f r om other propo­
sitions (ele ments of the set V). 

It : eans thGt ; .. e r~ ; bership function 
v a lue of e ach cor-,pound propos ition 
d epe nd s on ly on t l:e va lue of :':e r-.b er­
ship function of ele nentary propo s i­
ti on. 

Axio ;~. s: BGA 1: 

1)/1 ( . S11\ ~ S~)=)-f(3l' 3 1 ) 
flU)1 v.) .;r= 1L1(S ,) v S 1 ) - co ,' muta-

bility; '- '-

2 )jI.1 ((S1/\ S ;.)/\ S,)=,Jl1(S1/\ (S ,/' S':))) 
}i (S1 v S,) )--v S,<)-'= F( S1 vC3 ') v S~» .:. 

associativtty~ ~ '- ~ 
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Y (S, /I S4) -stric~ increasing 

6) . V (S ~ /\ S 2 ? ~ rr:in ( fi ( s 1 ) , 
}'(S 2 ~); . pes V 02) 

max ( .f' ( s 1 ) I f' (S ') ) ) -
~ecbership function of conjunction is 
no : ' ~ ore than the ;,e rr.bership function 
of each of cor:ponents and IT.e nbership 
function of disjunction is not less 
than the r.'ie :,:" bership function of each 
of con ponents 

7)y{S1)=P(S .) )=1=7 P (S A. S') ) 
=1 ; ..P( S 1)~=j./(S 2 )=6~~,d1'/S2)= "- 0 

0 e ~ ay consi de r this axioms as e , ~ 

Also this description of BH is khre 
use f ul than BGA 2 for the dialogue 
\'1i th an expert in non-for rr:alised 
fields but it is not sufficient to 
satisfy the ~ hole dialogue. 

I t is require d to define obviously the 
se ts of proposi hons V, t?( V ) • 
A set v ._<. >c c efine d by alcebraic 
systeG theory. ~e fix set of one­
pl a ce pre dic ates Q , s et of subj ects 
X and con s i der a p2ir « X Q ')-
a relation al syste rr , a model(Malcev, 
1970). Then Vis a diar;rar0 of r:odel 
in this terms. 

It ~ possible to c onsi der n - 1 ba­
sed ,_alf,e braic s:y§tem L.X, K

1
, K ') ••• 

K ,.ll > , v!here ~~ is a set of~ 
d£ f ferent place predic a tes. 

This concept is natural for fuzzy 
mat he ~ atical procraw ~ in g . It will be 
shovm fer one-place predicates. Let us 
be given C(X)-a predicate corre 'l~ vL­

din~ to a fuzzy objective function 
G(X) - a predicate corresponding t~ 
a fuzzy constra int and X -
;:,n alternative • 

}'UZZY r,:'ATHCATICAL PROGRA:.:; =~ '-; 

l'ROELK,:S 

Bellman-Zadeh' s extre r:'.u ::-: proble :'1 
( 1 970 ) '::"1.8 2 11 these terms d ef ined by 
I.ax ;J (( no" G (x J): I. ax ;'", in(u ((x) AJ\(;(J\= 
)(~x ~ =)lr/(*) j((X J I ) 

V'l: ere ~.: f - :::ay.imizing decision. Ar: a­
lO Gi cally, the extre: · .u ~: proble;:; fo r 
several C.(X), G, (X) is d e f ined by 
:".2X JU (e ll c:) ACL )~: )I\ ,. ,I\Gz(X)II. G .. UJ) 

':fe : · ~. ay conSl c er two-pl ace, tru.' ee­
place and etc . pre d i cat es ~n these 
for;;;ulae and in .3 ell ~ ; 811-G~ertz 

QXi O ~ 8 as still ~ ore realistic ap­
proach to a pplie d p ro b le ~ s for ::-:ore 
detailed description of environment. 

let T(X ,t)= C(X) , B(X ,b)=G (Z ). Para­
'::eters t, b ~a y be f ixed or varying . 

I n these c ases ~ :l axi : ~ izin 8 decision 

is defined by 

l> If .j/' 

)Jp (t, b, x)= :-~ ax _/lI (T(X,t) A 

1\ b (x, b»)= max mi.n (.JI (T (: ~ , t ) , 
jlB(x,b») 

','ie interpret TeX, t) as "X hae the 
property t " , and B(X,b) - "X has the 
property b or l~he alternative X 
has the characteristic b" Other 
. fo~ulations are possible for 
T(X,t), BCX,b) in natural lanGUa e es. 

JX;':,:PLES OF FTW::1LK .S \HTH 
D - ~PErr.EllT PAItAI.:ETnES 

It is ShC'NTl below that according to 
B ell m an-Gier.~z axions in d e~ 8rGen ce 

of paraffietres is postulated. But 
oft en we e~co u~ter d ependence. 

Exar.;ple 1 

Let: T (X, t) - "Tlle rur.,en 
c ow X is e qu a l to t"; ( 

E( X , b) - "TLe di e t 
is b "; 

v!e i p,h t of 
in percent) 
of cow X 

b1-hieh forage diet 
b ')-hieh concentrate diet; 
t ~= 1 El % ,t ')= :; 0 % 

Y (T(X,t), _lA (B ( X ,b) accordingly" 
n:emb ership functions of T( X,t), l3(A ,b) 

The problem is to ~ in d X so tha t 
weight of X is rr.axi mal and diet 
cost of X is minimal. 

Let us con s i der axi om f or t his exam­
pIe, . f 

'V X , ~ ,td., tf' /' (TU, td.' '7 P (T ( 'cl ,t) ==7 

jt (T(x ~ trf.)1t B(),-i6))»i: (T (8, ~)t18(x,8) (i) 

Accor dinp; to "Bri tish farmer and 
stockbreeder"vII,253 05.03.1982 ;>.19 

there is X,{UCh that 
y(f(11.,tt)7.J! T(X1, f l ) ~.o r toe. = t

1
, 

tf3 = t 2 , an .fI ( t( A ~ ,tz )/\ 
B'(- )(,b z » <,P(T(X1 ,t 2 )A B( X 1 bll) 
for b=b

1
, i.e. we have cor.tradiction 

~o the axiom 4. For X
1 

t=18% is 
lS preferred over t=30 7~ but B (X b1) 
is less nreferable than B(X b/,,) , 
i.e. a small run en does no~ give 
full digestibility of f orar e. 

We als o have in this case contradic­
tion to the axion: 7, i.e. if 
.;M:T( Xi , t~)= jI(B(X 1 ,b ) =1 then 
~(T( X 1' tt)A B(X~ , b

i
) • 1 

Ee ~ce i ~ i' o11ol'!s that Be111':':an-Giertz 
axloms l£nore the dependence of para­
metres, in particular t and b. 

Thus a problen of a regular methexi fer 

f inding ind ependent groups of para­
c eters arises. Dependence of para­
meters is one of the central prob­
le ~s in f oundation of fuzzy optici-
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zation. 

Tnus , Bclroan-Giertz's theorem is 
not correct for dependent paramet-
8rs and minimum operator is also not 
correct. The decision fr the problem 
which arises in this situation can 
be found using the groups of 
independent paramete~s in large­
scale systems. 

FINDING OF GROUPS OF 
I ND::;ffiNDENT P ARAMl!;T:RS 

Let w et{»~ - ':: e a set of compound pro­
positions, cons tructed from 3 I ,S2"" 

Sn - components of tp • A length of 

all propositions '-P is less than n, 
2nd only" A " is used for const­
r uc ti on of these compound proposi­
tions. 

Let us SUppOS3 that there e:.dst ,\ : 

V\f y(l{')=>(jJ1W1), . . '1)J(W'tj) , \'illO::>:' 

'w'jJ:. 'vi floP) ,i. e . .JfJ('-P) C: all b l ~ 

described as a function of conjunc­
tions of components Wj '':; ll the length 
leg.o; then \f . 
. Applic9.til)I2 ef ninirnll'l operat or is t 
9.";COl' j~:'1 ;:;';O ~:;~ llr:lan-Giem theorem, 

':;:) l '.L' ,) ,.:;'~ .. ' J'r' such).. and Ifl if it is 
correct for I - 7 conditions of the 
theorem. It is gifficult to use func­
t ion ). \"Jith 2 (n~ 5 ) argument s • 

It requires r ecoYl" tr'uctim: of 2n func-
tions }J (VI J = jf(3

1 
A 

1.32 1\ ,. , 1\ 3
r

) · 

Hence it fOllows that thera i s a 
qLl'c; '.:;tJ.::ll of minimization o f the number 
of arguments of X. 

:,;mn.aZ.~.TION OF THE l'JLlMBER OF 

}1JHC; TIOI ~ ARGUi.=':;liTS 
l' lr0t c f'C·,. \i .o; i' i nition .s. 

Defini tion 2 

are called dupendent viith r espect to 
a propos ition ':f?,.)-i , if 

V S.fi (If, ) ~ jJ('h) ~ jJN,I\If:~ A s )l.f'(tJzA~/lS) 
or fl (li'~) f.j1('f2.) =;P(lf ' ftl.~AS»}I((jZ./I..g311 5') 
l!;xample. 'Ne illustrate this defini­
tion by the example I. Let us suppo-
se that 1:5'1 =T(X

1
.t ), 

~2.=T(Xilt), '-:f3 =B(X.b) 

According t o the definition I 

jJ("i1 ) > }IN .. ) =) V Sp(tit/ ' ~1\ S) ~y(Cff tI"iv\ S') 
It means that X with a little rumen 
is preferable than X with a large 
rumen but a high forage diet and a 
large rumen is prefer&ble than a 
hign forage diet and a little rumen. 

Definition 3 , If ~ropositions ~41 
~2 are dependent with respect 

to ':f3 and.fl I then propositions 
are called essential propositions 
if they are '-if .A If?!" S > 1/2 /I. 1.93 /I S. 

Definition 4 A function C(W) such, 
that CCW)=1 if W is an essential 
proposition and C(W)=O if 
W is not an essential proposition is a. 
characteristic function of essentia­
lity. 

We now introduce the method of co­
ding propositions W. Let n be the 

number of Si arrl we can consider 

Bellman n-space E
n

= {xi1 so 

that Ai:::A::.I,Xi2 •••••• Xin and Xij=I 

if and only if S. is en element 01 
~, l 

::n tll:i.f.:. 0SS-'! ::1.'JJ.0t;jon C , ~nduces 
Boolesn function C(~): ~ -- 3, where 

E= [0, I J ' 
" Theor em. 1 The function C is monotone 

Boolean function. 

Proof According to the monotone 
Boole an function definiticn it is 
required to show V X ~ )X t £ E 

X 1 ') X 2'~ C (X 1) ~ C (X 2 ). 

Let us 00nsider .'II, '.'i
2 

corresponding 

to X~? X2 • It means that the conjunc­
tion ,'i I incl~des more components, 
than W2 • LetC(X )=1 else verifica-

tion becomes trivial. It is required 
to show that C(X )=1. If C(X? )=1 
then W

2 
is an essential conJuction. 

We must prove the statanent only 

for Wr=W2A S because the proof 

for W I:' W 2 A S'I /\ S 2 " S I< 

is trivial in this case. Let W
2 

ce an essential proposition and 

W2=W2I " W22 • 

Hence from definition 3 it follows 
that 3 W jI(W2I)9]A (W) -7 

Y (W2r W 22)~].I. (WAW22) (2) 

We consider one variant for defini­
tion ~ for another variant the proof 
is analogical. 

Let WI =w2!\ S = W22/\ W2I /\ S • 

we show that VII is essential. 
this it is sufricient to show 
'pCi:2I) ~p ( \'i )~FlW21\ S) ~ 

LP( 'Il A W22 /\ S) 

From ~efinitions 213 and (2) 
F(W" 11 22 ) '7 fJ (W2 J ~ 

Then 

For 

0) 
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,It 1 (W
2 

",r-,<jJ (WA W
2 2

/\ S) ( .:;. ) 

comparing (I!_) and 0), we get the 
proof of the theorem 2. 

Theorem 2 The axiom 4 is an 
essential proposition . 

Proof It is neces~ry to prove 
}.I(W

I
) L J~ (W

2
) -==r Vs 

.'-l( V'- I f\ S) L JU (W 2 /\ S) ( 5 ) 

Let WI=I.f,I\'-f3IW2=~1 /\.'-P3 be 

essential propositions, then b7 a 
defi1V,-tions we have Id 'f,)7f1t 'fz)-=-? 
V S,?( If, /\ '13 " S) L .,;M(lfz/I :f3 /\ S) 

Suppose that the left hand part of the last 

implication is true, then VSp(WIf\S)L 

L}I(W2/\ S) I }J (WI ) L Jt{ (W2) is corres­

ponding to (5). 

Hence it follows that the problAm of 
minimization of the number of fu..'1ction!> 
arguments is reduced to the deci­

phering of monotone Boolean function 
C (Hancel, I976). 

It is possible to construct, for 
example, such scheme of reconstruc­
tion of monotone Boolean function:an 
~ert answers the question about 
essentiality proposition given W. 
Then after the answer on the 
questions constructed from the essen­
tial propositions corresponding to 
lower units of monotone Boolean 
function e (X), , a rrtinimal set o f A argume­

nts is be formed. 

We may put to expert less questions 

than 2n , using monotonici ty and lernna 

(!1:,-1 ~ . 31 , 1 S'76 ) , which limit the 

number of ' questions by C a + C b 
n n 

where a = [ ~ ] , b = [ !f 1 + r. 

We used everything according to 
Hancel's lemma\f(n)= min max 'f (F,f) 

El. b F f 
= Cn + Cn , whe re fF ~ - a Get 

of 3lso~ ithms. ' 

Mn - a set of all monotone Boolean 

functio:lf,2 ~ ,:::1l tlwt f: En_E , 

~(F,f) - a number of questions to 
an expert for deciphering function f 
by algori tbm F , ~ (n) - Shannon's 
function. 

CONCWSION 

We have suggested algorithm and 
program (FORTRAN - IV) with the 

scheme of dialogue described in de­
tail in other paper (Gorbunov, Kova­
lerchuk, I982). This program gives 
th~ table of dialogue for each n 
as the kind of scheme of sequence 
of questions according to the 
results of previons questions about 
essentiality of A arguments. 
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