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ON FOUNDATION OF FUZZY DECISION MAKING
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Abstract. Bellman and Zadeh elaborated one of the

methods of

decision making in a fuzzy environment.However, its application
correctness for some applied problems remains unclarified., The
point of the given paper is to dwell on some problems designed
to work out an appropriate correctness test scheme, Zimmerman
et al.have shown the application limits of the Bellman-Zadeh
method with the use of one of the minimum or product functions.

The 3ellman-Giertsz

theoren is based on the correctness analy-

sis. It is suggested to analyze the validity of the Bellman-

Giertz

axioms for concrete decision making problems instead

of the experimental test of the minimum function correctness.

When problemsare found

inconsistent with these axioms

due to dependability of the arguments, a scheme is proposed to
ensure correctness by expanding the argument set of the member-
ship function., In order to obtain such argument set for rini-
mum number of steps in the sense of the Shannon's function a
certain state:ent has been proved and an algorithm and program
elaboreted on the basis of the given statement., The algorithm
utilized the Hancel's lermma for monotone Boolean functions.

Keywords. Decision theory; large-scale systems ; mathematical
prograrming ; Boolean function ; sonotone Boolean function; fuz-

zy sets; dialogue table.

I:3ITRCDUCTION

More realistic problem formulation

is required for ~any decision ma-
»ing proble~s that appear in mathemati-
cal prograrming. Uncerta inty of aims
and criterions rust be obviously con-
sidered. R.Pellman and L.Zzadeh (1570)
have proposed for this purpose a scheme
(B28). It is used in solution of rre-
at number of decision raking problems
hut there is a wide disagreerent

about correctness of its usage tc
concrete problems. It is not clear
yet what problems are related to

the sphere o® its application. This

question may be solved axiomatically
(Bell:.an, Giertz, 1973 ; Orlov, 1978;

Fovalerchuk, 1981) or experimentally
(Thole, Zirmermann, Zyspo, 1379).

A membership function of intersection
of [uzzy objective functions and fuz-
zy constraints for real data: may
difier from minimum or product ope-
rators considered by H,3ellman and
L.Zadeh,

At present time there is no testing

..ethod Tor correctness of BZS to
concrete problems.

The 2im of this work is to solve so-

;e questions during elatoration
of such ethod. The logic of our ap-
roach consists in testing of

special systers of axioms for con-
crete problems, :ellran-Giertz
axioms give an exa ple of such
axiociatiecs for operation of minimum
(sellman-Giertz theore:, 1373).

ut in comparison with # nuiber of
otrer systers of axioms they have
rather delinite interpretation , Just
this positive property -~akes it cle-
ar that they hardly refer to

real problems. In particular, the
condition of independence of argu-
ments does
ussually not hola.

In this work a correct application
of Bellman-Giertz theorem in this
situation is nronosed, and also
some problems of optimal algorith-
mical and progran reelization of
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the nethod using rcnotone Boolean
functions are solved.

CORRECTNESS PROBLEM

Let us define -ore precisely the
concept of correctness of Lellman-
Zadeh's schere (LZI8) for concrete
problems.

/e suprose, that ¢ _-requirement of
pzs (axic .atics GE“DZJ} tc the prob-
lem Z is given precisely. Ve also
suprose that ‘or the problem Z O,-its
pronerties axioms of problem Z, are
given precisely.

Then the concept of correct application of
sS4 to tue problem Z may be formali-
zed in tre following way.

Derinition 1 Application ofBZ3 to the
problem Z is called correct, if BZ -
6., i.e. we have €&, from ﬁz'

I'or conecrnto mxio. atice a more accu-
rate definition is requlred Zor the
concept of " =", In particular this
definition may be formulated in cla-

ssical manner. If an exvert knows axiamatics

exactly, it is possible to control
Sz oy

Otherwise, we may put local questions
which we may use for control of axi-
oms' correctness &y for concrete
proble::s. or example, it will be
necessary to take into consideration
cozfn.;;““l zrobabilities with res-
peet to Cierent particular hypot-
heses X and ¥ =1 (u/"\ By {J\/Y) if
A exists so that P (A) P(&/K) or
P(A)Y T(A/Y), i.e. A depends on X

or Y., Below we analyse Bellran-
Gierz's axioms (1972) (BGA). There
are other systems of axioms, but

BGA is rives more useable minimum
operator (Bellman-Giertz theorem).
It is very diffiouit to formulate
axioms for uncertain problem Z. One
may note that this requirerient entails
the paradox = uncertain problem

and concrete formulation of it:
properties,

This paradox may be overcome at the
Tirst stage of developrent of app-
roach by the intTerence to the check-
ing of performance of axioms., i“xpert
an3wers the jusation - is 20 axiom
correct in his prehle:.? Hence, it
follows that the problem becomes
psychological - is
clear to expert and may he corre-
late axiom with hie knowledge in his
field. Axioms must be farmulated in
terms of concrete field, so that ex-
pert may ancwer the questlon. It
requires refusal of formulation

the sense ot axian
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of axioms in a usuzl number forms.

BGA AXIOMS FOR BIZS

Nellman, Giertz (1972) gave axioms
(BGA) in propositional calculus form
(BGA 1) and in number form (BGA 2).

For the real problem solved in dia-
logue with expert only axioms in pro-
positional calculus terms should be
used.

Let us have: set of propositions
V={3f ; set of compound propositi-
ons Qb (V)={y} obtained only

from the elements of set V—{qi with
the help of " A " and " VvV "; fuzzy
set (set of fuzzy propositions)

V= {xf?_nftf‘)} , where pit @ (V)—-

e ,1,0

Liembership function has inter-
pretation as the degree of truth zand
as the irple-entation of state des-
cribed by the proposition. Let us
consider axioms - BGA 1 and two
properties 4) and B) (Bellran,
Gierz, 1973). which are the base of
axioms. A) and B) are often not con=-
sidered,but they play an irportant
role for Bellman- Giertz theorern
(1972) and for using itc rosult ir
real, actusl problems. They are:

A) V-—{o.jar‘?f(@(VJ\‘() A ¢ = 8,
1.2, there does not exist S &V =o thsat
S is construction Trom other propo-
sitions (elements of the set V).

B) U(Y)* )\J (S), f“’(Sz), o M(Sh)),
where S. ,...a ) angd
- is qo‘e funétion Brto ro,1]

It :eans that :erbership function
value of each compound proposition
depenis only on the value of rerber-
ship function of elerentary proposi-
tion.

1)13(8 A-b:):: (J.-}AS) H
(S, 'v3,%= rﬁ”(s,;v 5,) Z co-muta-
bility; °© =
2) ((S A SIA 8L)= p(S,A (SAS,))
7 5,)35,)%= (5 ,96.,v52)) 2
S%CClAtlv a5 A SO«
3) H(S A(S,vS3))= M((8,A5,) v
J(Sv (5,n 33}) B dls‘grlbutlalty
4) (3, )>,ﬁf (8,) = M(5, AS85)>
Fi85 N By )i 3y V252
K25 3V 5.y, wndre 1 g 23

decrea51ﬁg and ’continuons}

5) M(54) = M(S,) > (. S5)=p(8,)
= ﬁ‘i "5, /\ﬂsg Y
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M(S, ~ S ) =stricfly increasing
6) ‘(u(%: A ﬁ,v)( < rln(ﬂ')(::1),
M5, ' v
max (= #(5,) 3 #

*erbership %unctlon og eonJunctlon is
no more than the iembership function
of each of corponents and merbership
function of disjunction is not less
than the mernbership function of each
of cormponents

7) )= M(S, )=1=2
“‘tu(o //(b )z_,u(s )=

t/e may consider this axioms as ©,.
Also this descrlptlon of &y 1is fure
useful than BGA 2 for the dlalogue
with an expert 1n non-forralised
fields but it is not sufficient to
satisfy the whole dialozue.

“ (5, A S,)
:;»M(Q.IVS )— 50

1t is required to define obv1ously'the
sets of proposltlons vV, V).

A Zet V i e defined by albebralc
agysten theory. Ve fix set of one-
rlace predicates ¢

X and consider a pzir
a relational syster, a model(Malcev.
1970). Then Vis a dlagram of rodel
in this terms.

£ X

It iz possible to conslder n - 1 ba-
ued, algebraic system s Koeeo
y 41> , where E? 1s a se% of <

d? ferent place predicates.

This concept is natural for fuzzy
mathematical prograrming. It will be
shown fr one-place predicates. Let us
be given C(X)-a predicate correspcur.-
ding to a fuzzy objective function,
G(XT - a predicate corresponding to
a fuzzy constraint and X -

an alternative .

PUZZY NATHEIATICAL PROGRAILIIZT:
PROBLELS

Bellman-Zadeh's extremu~ problem
(1970) vas n these terms defined b
rax g (C0A G(x}) = rax :1in(u((x)/ﬁtl=[ﬂ=
xeX - "J"{D{ XeX i
viere X' - mavimizing decision.
logically, the extrerur problen for
several ; (X) G (X) is defined by
rex M (071 (2 )y Ack LA A G (XA L Gm)

alla=-

/e may consicer two-place, three-
place and etc. preﬂlcates 1r thege
Tormulas cﬂd in 3Sellman-Giertg
axions &s still more realistic ap-
proach to applied problers for rore
detailed descripticn cof envircnment.

I.G't T(X,t)= c(x), .La(.}&. b)=G(X).
':.Ete‘rs

Para-
t,b may be -1xai or varying.

In these cases nexirizing decision

s, set of subJects

ig defined by

(t b’ X)—. ax _m m(n,t)/\
Ab(x,b)?- max  min {};(T(u,t}
le(x.b)))

e interpret T(X,t) as "X has the
property t", and B(X,b) - "X has the
property b or "the alternative X
has the characteristic b " Cther
formulations are possible for
T(X,t), B(X,b) in natural languages.

DJP IPETaT “M'?A_LT ‘Eb

It is shown telow that according to
Bellman-Giertz axioms jndepancence
of parametres is postulated. But
olten we encourter dependence.

Bxamnple 1

Let: T(X,t) = "The ruren ue1rht of
cow £ is equal to t"; ( in percent)
E(X,b) - "Tre d et of cow X
is b "
b,-high forage diet
b,-high concentrate diet;
t—mﬂ, , =20 %
w(rnx, by, “(B(x,b) accordingly,
“ewberablp functions of T(x t),a(A b)

The probler is to find X so that
weight of X is rmaximal and diet
cost of X is minimal,

Let us consider axicm for this exam-

pls, [
Vxut by 40T ta)7 o (T(8, ) =

LTl A BOLBIS (T, 4504 B4 ) )

According to "British farmer and
stockhreeder"vIL,253 05.03,1982 ».19
there is X, guck that

ﬂ(Tth)?j«‘ rrx, %) for t« = t,,
EP = tzs an t(}\ tZ)/\

(X bz)) (F(T()\gytz)/\ B(A-[ bﬂ)
for b—b., i.e. we have contradiction
to the axiom 4. For X1 t=18% is
is preferred over t=30% but B (A: by)
is less preferable than B(X b?%)
i,e, 2 small ruren does nof gtve
full digestibility of forarge.

We also have in this case contradic-
tion to the)nxl?x(T, i.e 5 if
AKT(X,, t4)= H(B(X, ,b =1 then
ju(T(Xj, ) B(X1 i bi) ¥ 1

llence it Tollows that Bellman-Giery,
axioms ignore the dependence of para-
metres, in particular t and b.

Thus a problem of a reqular method fer
finding independent groups of para-
meters arises, Dependence of para-
meters is one of the central prob-
lems in foundation of fuzzy optimi-
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zation.

Tnus, Beliman-Giertz's theorem is

not correct for dependent paramet-
srs and minimum operator is also not
correct. The decisionfr the problem
which arises in this situation can
be found using the groups of
independent parameters in  large-
scale systems.

FINDING COF GROUPS OF
INDZPENDENT PARAMETSRS

Let w(¥) - e a set of compound pro-
positions, constructed from SI,Sg,...

S_ - components of Y ., A length of

Il

all propositions ¥ is less than n,
and only "A " is used for const-
ruction of these compound proposi-

tions.

Let us supposc that there exist )\ !
V\Pﬂ(¢):)(ﬂrw1);- . fﬂ(w’f}) 8y wheoe
W:e W (w) y i.s. () can be
described as a functior of conjunc-
tions of components with the length
lpss then
.Application cof minimunm operator is,
accoriing %o Zellmen-Gierz  theorem,
sorrash Jor such A and P, if it is
correct for I - 7 conditions of the
theorem. It is gifficult to use func-
tion 2 with 2 (n> 5) arguments.
It reguires reconciructon of 2B func-
tions MW = f.{(SIA
AoA oo AB, ).

dence it follows that there is a
qusz:bion of minimization of the number
of arguments of X.

SININIZATION QOF THE NUMBER OF
FUNCTION ARGULSNITS
cirst ¢ feu. dsfinitions.

De Proscsitiorns Lﬂ,‘joz
are called dcpendent with respect to
a proposition it , if
V'S J(4 )2 (%) = (Y, APy 4 S ) (BARAS)
or 1 (Y, ) & prl'a) R GAEAS)> (Yp 1634 S)
wxample. We illustrate this defini-
tion by the example I. Let us suppo-
se that 2 =T(Xip Y

‘ga :T(X:bt) » kf'_r' :B(th)
According to the definition I
M%) > palde) VS pls14 AS) £ M(G A%2A S)
?t means that X with a little rumen
is preferable than X with a large
rumen but a high forage diet and a

large rumen is preferzble than a
hig?l forage diet and a little rumen.,

finition 2
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Definition 3. If propositions W4,
, are dependent with respect

to ¥y and , then propositions

are called essential propositions

if they are Yy A%l , Yo AWz 4 &

Definition 4 A function C(W) such,
a =1l if W is an essential

proposition and c(W)=0 if

W is not an essential proposition isa

characteristic function of essentia-

lity.

We now introduce the method of co-
ding propositions W. Let n be the
number of S. and we can consider

i
Bellman n-space E'= {Xi} S0
that KizziI’Xia......Xin and Xij=I

if and only if S; is en elenent ol

S,

Ta tlhis casa ;“‘-:.ncE("Lou C .’hnd.uces
Boolean function C(x): &° — I, where

E= [O’I}a

v
Theorem | The function C is monotone
Boolean function.

Proof According to the monotone
Boolean function definiticmn if is
requireC® to snow Xq,X €

;7 %52 0@ 8 s

Let us consider "'II'-"’IE corresponding
to Xy, Xz. It means that the conjunc-

tion #I incl%des more components,
than We. Letl(X )=I else verifica—

tion becomes trivial. It is required
to show that C(X )=I. If&(X, )=I
then W2 is an essential conjuction.

We must prove the statement only
for WI=N2A,S because the proof

for WI'—_— “2 A S,t A 82 A SK

is trivial in this case. Let Wa
te an essential proposition and
H2=W2IA W22.

Hence from definition 3 it follows
that 3 W MW,z M (W) =
P, pAu )< p (WA, ) (2)

We consider one variant for defini-
tion 3 for another variant the proof
is analogical.

Let WIzWQ/\ S = W22/\ W2I/\ S . Then
we show that W, is essential. For
this it is sufficient to show
ﬂ(""'ez) by(w):?ﬂ{wza 3) <

LUCH A WonA S) (3
From Qefinitions 2,3 and (2)

POA NI Z M (W) =
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u (‘.1'2 A< (WA W22/\ 3) (%)

Compal‘lng; (‘J!-) and (3), we é’et the
proof of the theorem 2.

Theorem 2 The axiom 4 is 2I
essential proposition .

Proof It is necessiry to prove
u(Wp) < (‘.5'2) = Vs

Mlp A S)LM (W, A S) (5)

Let Wy =Ya¥s, W=V,

essential propositions, then b? %
definitions we have )7 =
VSJU "ﬂf\‘f3/\5)i“ﬂ-‘{“f2ﬂ :"3){)5)‘!“ ‘

Ias k?s be

Suppose that the left hand part of the last
implication is true, then ‘dS‘fu (WI.{\S)L

WyAS), M (Wp) £ M (W,) is corres—
ponding to (5).
Henee it follows that the problem of

minimization of the number of functiond

arguments is reduced to the deci-
pheri of monotone Boolean function
C (Hancel, I976).

It is possible to comstruct, for
example, such scheme of reconstruc-
tion of monotone Boolean function:aAn
expert answers the gquestion about
essentlality proposition given W.
Then after the answer on the
questions constructed from the essen-
tial propositions ccrresponding to
lower units of monotone Boolean
function & (X),* a minimal set of ) argume-
nts is be formed.

We may put to expert less questions
than 2B | using menotonicity and lemma
, 1976), which limit the
number of gquestions by Cna + Cnb

where a =[L2L‘] sy b :[%] + I.

We used everything according to

Hancel's lemma¥(n)= min max ¥ (F,f)
T

= Cna + Onb , Where {F? - a set

of alzorithms,

{im- 1
LTI

Mn - a set of all monotone Boolean

functiong,suzh that £ : E'E ,

¥ (F,f) - a number of questions to
an expert for deciphering function f
by algorithm F , ¥ (n) - Shannon's
function.

CONCLUSION

We have suggested algorithm and
program (FORTRAN - IV) with the

scheme of dialogue described in de-
tail in other paper (Gorbunov, Kova-
lerchuk, I982)., This program gives
the table of dialogue for each n

as the kind of scheme of sequence

of questions according to the
results of previons gquestions about
essentiality of A arguments.
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