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INTRODUCTION

We model quantum and neural uncertainty using 
the Agent–based Uncertainty Theory (AUT) that 

uses complex fusion of crisp conflicting judg-
ments of agents. AUT represents and interprets 
uniformly several uncertainty theories such as 
rough set theory, fuzzy sets theory, evidence 
theory, and probability theory. AUT exploits the 
fact that agents as independent entities can give 
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conflicting evaluations of the same attribute. It 
models conflicting evaluations that are fused in 
the same evaluation context. If only one evalua-
tion is allowed for each statement in each context 
(world) as in the modal logic then there is no 
logical uncertainty. The situation that the AUT 
models is inconsistent (fuzzy) and is very far from 
the situation that modeled by the traditional logic 
that assumes consistency. We argue that the AUT 
by incorporating such inconsistent statements is 
able to model different types of conflicts and their 
fusion known in many-valued logics, fuzzy logic, 
probability theory and other theories.

This chapter shows how the agent approach 
can be used to give a novel definition of the 
quantum uncertainty and quantum computations 
for quantum gates that are realized by unitary 
transformations of the state. In the AUT approach, 
unitary matrices are interpreted as logic operations 
in logic computations. It is shown, that by using 
permutation operators that are unitary matrixes 
any type of complex classical logic expression 
can be generated. The classical logic has well-
known difficulties in quantum mechanics. Now 
with the quantum gate we introduce classical 
logic into the quantum domain. We connect the 
intrinsic irrationality of the quantum system and 
the non-classical quantum logic with the agents. 
We argue that Agent-based uncertainty theory 
(AUT) can help to find meaning for quantum 
superposition of non-consistent states for which 
one particle can be at the different points in the 
same time or the same particle can have spin up 
and down in the same time.

Next, this chapter shows that the neural fusion 
at the synapse can be modeled by the AUT. Agents 
in the neural network are represented by logic input 
values in the neuron itself. In the ordinary neural 
networks any neuron is a processor that models a 
Boolean function. We change the point of view and 
consider a neuron as an operator that transforms 
classical logic expressions into many-valued logic 

expressions or in other words, changes crisp sets 
into fuzzy sets. This neural network consists of 
neurons at two layers. At the first one, neurons or 
agents implement the classical logic operations. 
At the second layer neurons or nagents (neuron 
agents) compute the same logic expression with 
different results. These are many-valued neurons 
that fuse results provided by different agents at the 
first layer. They fuse conflicting or inconsistent 
situations. The network is based on use of the 
logic of the uncertainty instead of the classical 
logic. The motivation for such neural network is to 
provide high flexibility and logic adaptation of the 
brain model. In this brain model, communication 
among agents is specified by the fusion process 
in the neural elaboration.

The probability calculus does not incorporate 
explicitly the concepts of irrationality or logic 
conflict of agent’s state. It misses structural in-
formation at the level of individual objects, but 
preserves global information at the level of a set 
of objects. Given a dice the probability theory 
studies frequencies of the different faces E={e} 
as independent (elementary) events. This set of 
elementary events E has no structure. It is only 
required that elements of E are mutually exclusive 
and complete, that is no other alternative is pos-
sible. The order of its elements is irrelevant to 
probabilities of each element of E. No irrationality 
or conflict is allowed in this definition relative to 
mutual exclusion. The classical probability calcu-
lus does not provide a mechanism for modelling 
uncertainty when agents communicate (collabo-
rates or conflict). Recent work by Halpern (2005) 
is an important attempt to fill this gap.

This chapter is organized as follows: Sections 
2 and 3 provide a summary of the AUT starting 
from concepts and definitions. Section 4 presents 
links between quantum mechanics and first order 
conflicts in the AUT. Section 5 discusses the 
neural images of the AUT. Section 6 concludes 
this chapter.
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CONCEPTS AND DEFINITIONS

Now we will provide more formal definition of 
AUT concepts. It is done first for individual agents 
then for sets of agents. Consider a set of agents 
G={g1, g2,…..,gn}. Each agent gk assigns binary 
true/false value v∈{True, false} to proposition p. 
To show that v was assigned by the agent gk we 
use notation gk(p) = vk.

Definition. A triple g = <N, AR, AA > is called 
an agent g if N is label that is interpreted as agent’s 
name and AR is as set of truth-evaluation actions 
and AA is a set of non- truth-evaluation actions as-
sociated with name N. For instance agent g called 
Professor has a set of truth-evaluation actions AR 
such as grading students’ answer, while delivering 
a lecture is in another category AA.

Definition. An agent g is called a reasoning 
agent if g assigns a truth-value v(p) to any proposi-
tion p from a set of propositions S and any logical 
formula based on S.

The actions of a general agent may or may not 
include truth-evaluation actions. From a math-
ematical viewpoint a reasoning agent g serves 
as a mapping,

g: p → v(p)

While natural agents have both AR, and AA, 
artificial software agents and robots may have 
only one of them.

Definition. A set of reasoning agents G is 
called totally consistent for proposition p if any 
agent g from {g} always provides the same truth 
value for p.

In other words, all agents in G are in concord or 
logical coherence for the same proposition. Thus, 
changing the agent does not change logic value 
v(p) for a totally consistent set of agents. Here v(p) 
is global for G and has no local variability that is 
independent on the individual agent’s evaluation. 
The classical logic is applicable for such set of 
consistent (rational) agents.

Definition. A set of reasoning agents G is 
called inconsistent for proposition p if there are 
two subset of agents G1, G2 such that agents from 
them provides different truth values for p.

Multiple reasons lead to agents’ inconsistency. 
The most general one is the context (or hidden 
variables) in which each agent is evaluating 
statement p. Even in a relatively well formalized 
environment, context is not fully defined. Agent 
g1 may evaluate p in context “abc”, but agent g2 
in context “ab”. Agent (robot) g2 may have no 
sensor to obtain signal c or abilities to process and 
reason correctly with input from that sensor (e.g., 
color blind agent with a panchromatic camera).

Definition. Let S be a set propositions, S={p1, 
p2, …,pn} then set ¬S = {¬p1, ¬p2, …, ¬pn} is 
called a complementary set of S.

Definition. A set of reasoning agents G is called 
S-only-consistent if agents {g} are consistent 
only for propositions in S={p1, p2, …,pn} and are 
inconsistent in the complimentary set ¬S.

The evaluations of p is a vector-function 
v(p)=(v1(p), v2(p)…,vn(p)) for a set of agents G 
that we will represent as follows:
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An example of the logic evaluation by five 
agent is shown below for p = “A>B”
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Here A > B is true for agents g1,g3, and g5 and 
it is false for the agents g2, and g4.

Kolmogorov’s axioms of the probability theory 
are based on a totally consistent set of agents 
(for a set of statements) on mutual exclusion of 
elementary events. It follows from the definitions 
below for a set of events E={e1.e2,…,en}.
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Definition. Set E={e1.e2,…,en} is called a set of 
elementary events (or mutually exclusive events) 
for predicate El if

∀ ei ej ∈ A El(ei) ∨ El(ej) =True and 
El(ei)∧El(ej)=False.

In other words, event ei is an elementary event 
(El(ei)=true) if for any j, j≠i events ei and ej cannot 
happen simultaneously, that is probability P(ei ∧ ej) 
= 0 and P(ei v ej) = P(ei) + P(ej). Property P(ei∧ej)=0 
is the mutual exclusion axiom (ME- axiom).

Let S={p1,p2,.., pn} be a set of statements, 
where pi=p(ei)=True if and only if event ei is an 
elementary event. In probability theory, p(ei) is 
not associated with any specific agent. It is as-
sumed to be a global property (applicable to all 
agents). In other words, statements p(ei) are totally 
consistent for all agents.

Definition. A set of agent S = {g1.g2,…,gn} is 
called a ME-rational set of agents if

∀ ei ej ∈ A, ∀ gi ∈ S, p(ei) ∨ p(ej) =True and 
p(ei)∧p(ej)=False.

In other words, these agents are totally consis-
tent or rational on Mutual Exclusion. Previously 
we assumed that each agent assigns value v(p) 
and we did not model this process explicitly. Now 
we introduce a set of criteria C={C1,C2,…,Cm} by 
which an agent can decide if a proposition p is true 
or false, i.e., now v(p) = v(p,Ci), which means that 
p is evaluated by using the criterion Ci.

Definition Given a set of criteria C, agent g is 
in a self-conflicting state if

∃ Ci, Cj (Ci, Cj ∈ C) & v(p,Ci) ≠ v(p,Cj)

In other words, an agent is in a self–conflicting 
state if two criteria exist such that p is true for one 
of them and false for another one. With the explicit 
set of criteria, the logic evaluation function v(p) is 
not vector-function any more, but it is expanded 
to be a matrix function as shown below:
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For example, four agents using four criteria 
can produce v(p) as follows:

v( )

...

...

...

... ... ... .

, , ,

, , ,p

g g g

C v v v

C v v v

n

n

n=

1 2

1 1 1 1 2 1

2 2 1 2 2 2

... ...

...
, , ,

C v v v
m m m m n1 2





























 

Note that introduction of a set of criteria C 
explains self-conflict, but does not remove it. The 
agent still needs to resolve the ultimate preference 
contradiction having a goal, say, to buy only one 
and better car. It also does not resolve conflict 
among different agents if they need to buy a car 
jointly.

If agent g can modify criteria in C making 
them consistent for p then g can resolves self-
conflict. The agent can be in a logic conflict state 
because of inability to understand the complex 
context and to evaluate criteria. For example, 
in the stock market environment, some traders 
quite often do not understand a complex context 
and rational criteria of trading. These traders can 
be in logic conflict exhibiting chaotic, random, 
and impulsive behavior. They can sell and buy 
stocks, exhibiting logic conflicting states “sell” 
= p and “buy” = ¬p in the same market situation 
that appears as irrational behavior, which means 
that the statement p ∧ ¬p can be true.

A logical structure of self-conflicting states and 
agents is much more complex than it is without 
self-conflict. For m binary criteria C1, C2,…Cm 
that evaluate the logic value for the same attribute, 
there are 2m possible states and only two of them 
(all true or all false values) do not exhibit conflict 
between criteria.
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FRAMEWORK OF FIRST ORDER 
OF CONFLICT LOGIC STATE

Definition. A set of agents G is in a first order 
of conflicting logic state (first order conflict, for 
short) if

∃ gi, gj (gi, gj ∈ G) & v(p,gi) ≠ v(p,gj).

In other words, there are agents gi and gj in G 
for which exist different values vi, vj in
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A set ofagents G is in the first order of conflict if

G(A>B) ∩ G(A<B)= ∅ , G(A>B) ≠ ∅, G(A>B) 
∪ G(A<B)= G.

The following definition presents this idea in 
general terms.

Definition. A set of agents G is in a First Order 
Conflict (FOC) for proposition p if

G(p) ∩ G(¬p)= ∅, and G(p) ≠ ∅, G(p) ∪ 
G(¬p)= G.

Figure 1 shows a set of 20 agents in the logic 
conflicting state, where 7 white agents are in the 
state True and 13 black agents are in the state False 
for the same proposition p = “A > B”.

Below we show that at the first order of con-
flicts, AND and OR operations should differ from 
the classical logic operations and should be vec-
tor operations in the space of the agents’ evalu-
ations (agents space). The vector operations reflect 
a structure of logic conflict among coherent in-
dividual agent evaluations.

Fusion Process

If a single decision must be made at the first 
order of conflict, then we must introduce a fu-
sion process of the logic values of proposition p 
given by all agents. A basic way to do this is to 
compute the weighted frequency of logic value 
given by all agents:
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are two vectors in the space of the agents’ evalu-
ations. The first vector contains all logic states 
(True/False) for all agents, the second vector (with 

property 
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) contains non-negative 

weights (utilities) that are given to each agent in 
the fusion process. In a simple frequency case, 
each weight is equal to 1/n. At first glance, μ(p) 
is the same as used in the probability and utility 
theories. However, classical axioms of the prob-
ability theory have no references to agents produc-

Figure 1. A set of 20 agents in the first order of 
logic conflict
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ing initial uncertainty values and do not violate 
the mutual exclusion. Below we define vector 
logic operations for the first order of conflict 
logic states v(p).

Definition

w
k

n
k=

=
∑ 1
1
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where the symbols ∧, ∨, ¬ in the right side of the 
equations are the classical AND, OR, and NOT 
operations.

Below these operations are written with explicit 
indication of agents (in the first row):

v( ) ( ),..., ( ),¬¬ p = ¬ ¬v p v p
n1

 

Below we present the important properties 
of sets of conflicting agents at the first order of 
conflicts. Let |G(x)| be the numbers of agents for 
which proposition x is true.

Statement 1 sets up properties of the AND and 
OR operations for nested sets of conflicting agents.

Statement 1 (general non min/max properties 
of ∧ and ∨ operations)

If G is a set of agents at the first order of 
conflicts and

|G (q) | ≤ | G (p) |

then ∧ and ∨ logic operations satisfy the follow-
ing properties

|G(p ∧ q)| = min(|G(p)|, |G(q)|) - |G(¬ p∧ q)|,  
(4)

|G(p ∨ q)| = max(|G(p)|, |G(q)|) + |G(¬ p∧ q)|.  
(5)

If G is a set of agents at the first order of 
conflicts and

|G (p) | ≤ | G (q) |

then ∧ and ∨ logic operations satisfy the follow-
ing properties

|G(p ∧ q)| = min(|G(p)|, |G(q)|) - |G(¬ q ∧ p)|,

|G(p ∨ q)| = max(|G(p)|, |G(q)|) + |G(¬ q ∧ p)|.

and also

|G(p ∨ q)| = |G(p) ∪G(q)|, G(p ∧ q)| = |G(p) ∩ 
G(q)|

Corollary 1 (min/max properties of ∧ and ∨ 
operations for nested sets of agents)

If G is a set of agents at the first order of con-
flicts such that G(q) ⊂ G(p) or G(p) ⊂ G(q) then

G(¬ p∧ q)| = ∅ or G(¬ q∧ p)| = ∅

|G(p ∧ q)| = min(|G(p)|, |G(q)|)

|G(p ∨ q)| = max(|G(p)|, |G(q)|)

This follows from the statement 1. The corol-
lary presents a well-known condition when the use 
of min, max operations has the clear justification.

Let Gc(p) is a complement of G(p) in G: Gc(p)= 
G \ G(p), G= G(p) ∪ Gc(p).

Statement 2. G = G(p) ∪ Gc(p)= G(p) ∪ G (¬ p).
Corollary 2. G (¬ p) = Gc(p)
It follows directly from Statement 2.
Statement 3. If G is a set of agents at the first 

order of conflicts then

G (p ∨ ¬ p) = G(p) ∪ G(¬ p) = G(p) ∪ Gc(p) = 
G
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G (p ∧ ¬ p) = G(p) ∩ G(¬ p) = G(p) ∩ Gc(p) = 
∅

It follows from the definition of the first order 
of conflict and statement 2. In other words, G (p 
∧ ¬ p) = ∅ corresponds to the contradiction p ∧ 
¬ p, that is always false and G (p ∨ ¬ p)= G cor-
responds to the tautology p ∨ ¬ p, that is always 
true in the first order conflict.

Let G1⊕G2 be a symmetric difference of sets 
of agents G1 and G2,

G1⊕ G2 = (G1∩ G2
c) ∪ (G1

c ∩ G2)and let p⊕q 
be the exclusive or of propositions p and q,

p⊕q = (p ∧ ¬q) ∨ (¬ p ∧ q).
Consider, a set of agents G(p⊕q). It consists 

of agents for which values of p and q differ from 
each other, that is

G(p⊕q)= G ((p ∧ ¬q) ∨ (¬ p ∧ q)).
Below we use the number of agents in set 

G(p⊕q) to define a measure of difference between 
statements p and q and a measure of difference 
between sets of agents G(p) a G(q).

Definition. A measure of difference D(p,q) 
between statements p and q and a measure of 
difference D(G(p),G(q)) between sets of agents 
G(p) a G(q) are defined as follows:

D(p,q) = D(G(p),G(q))= |G(p)⊕ G(q)|
Statement 4. D(p,q) = D(G(p),G(q)) is a dis-

tance, i.e., it satisfies distance axioms
D(p,q) ≥ 0
D(p,q) = D(q,p)
D(p,q)+D(q,h) ≥ D(p,h).

This follows from the properties of the sym-
metric difference ⊕ (e.g.., Flament 1963).

Figure 2 illustrates a set of agents G(p) for 
which p is true and a set of agents G(q) for which 
q is true. In Figure 2(a) the number of agents 
for which truth values of p and q are different, 
(¬ p ∧ q) ∨ (p ∧ ¬q), is equal to 2. These agents 
are represented by white squares. Therefore the 
distance between G(p) and G(q) is 2. Figure 2(b) 
shows other G(p) and G(q) sets with the number 
of the agents for which ¬ p ∧ q) ∨ (p ∧ ¬q is true 
equal to 6 (agents shown as white squares and 
squares with the grid). Thus, the distance between 
the two sets is 6.

In Figure 2(a), set 2 consists of 2 agents |G((p 
∧ ¬ q)| = 2 and set 4 is empty, |G((¬ p ∧ ¬ q)| = 
0, thus D(Set2, Set4)=2. This emptiness means 
that a set of agents with true p includes a set of 
agents with true q.

In Figure 2(b), set 2 consists of 4 agents |G((p 
∧ ¬ q)| = 4 and set 4 consists of 2 agents, |G((¬ p 
∧ ¬ q)| = 2, thus D(Set2,Set4)=6.

These splits produce different distances be-
tween G(p) and G(q). The distance in the case (a) 
is equal to 2; the distance in the case (b) is equal 
to 6. Set 1 (black circles) consists of agents for 
which both p and q are false, Set 2 (white squares) 
consists of agents for which p is true but q is false. 
Set 3 (white circles) consists of agents for which 
p and q are true, and Set 4 (squares with grids) 
consists of agents for which p is false and q is true,

Figure 2. A set of total 10 agents with two different splits to G(p) and G(q) subsets (a) and (b)
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For complex computations of logic values 
provided by the agents we can use a graph of the 
distances among the sentences p1, p2, ….,pN. For 
example, for three sentences p1, p2, and p3, we 
have a graph of the distances shown in Figure 3.

This graph has can be represented by a distance 
matrix
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which has a general form of a symmetric matrix,
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Having distances Dij between propositions we 
can use them to compute complex expressions in 
agents’ logic operation. For instance, using 0 ≤ 
D(p, q) ≤ G(p) + G(q) and

G (p ∧ q) ≡ G (p ∨ q) – G ((¬ p ∧ q) ∨ (p ∧ ¬q)) 
≡ G (p ∨ q) – D(p, q)

Evidence Theory and Rough 
Set Theory with Agents

In the evidence theory any subset A ⊆ U of the 
universe U is associated with a value m(A) called 
a basic assignment probability such that
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Respectively, the belief Bel(Ω) and plausibil-
ity Pl(Ω) measures for any set Ω are defined as

m A
k

k

N

( )
=
∑ =

1

2

1  

Thus, Bel measure includes all subsets that 
inside Ω, The Pl measure includes all sets with 
non-empty intersection with Ω. In the evidence 
theory as in the probability theory we associate 
one and only one agent with an element.

Figure 4 shows set A at the border of the set Ω, 
which is divided in two parts: one inside Ω and 
another one outside it. For the belief measure, 
we exclude the set A, thus we exclude the false 
state (f,f) and a logical self-conflicting state (t,f). 
But for the plausibility measure we accept the (t, 
t) and the self-conflicting state (f,t). In the belief 
measure, we exclude any possible self-conflicting 
state, but in the plausibility measure we accept 
self-conflicting states.

There are two different criteria to compute the 
belief and plausibility measures in the evidence 
theory. For belief, C1 criterion is related to set Ω, 
thus C1 is true for the cases inside Ω. The second 
criterion C2 is related to set A, thus C2 is false for 
the cases inside A. Now we can put in evidence 
a logically self-conflicting state (t, f), where we 
eliminate A also if it is inside Ω . The same is 
applied to the plausibility, where C2 is true for 
cases inside A. In this situation, we accept a 

Figure 3. Graph of the distances for three sen-
tences p1, p2, and p3
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logically self-conflicting situation (f, t), where 
cases in Ω are false but cases in A are true. We 
also use the logical self-conflict to study the roughs 
set as shown in Figure 5.

Figure 5 shows set Ω that includes the logi-
cally self-conflicting states (f, t).

The internal and external part of Ω is defined 
by a non empty frontier, where the couples [ t, t 
]are present and as well as the self-conflicting 
couples [ f, t ].

QUANTUM MEChANICS: 
SUPERPOSITION AND FIRST 
ORDER CONFLICTS

The Mutual Exclusive (ME) principle states that 
an object cannot be in two different locations at 

the same time. We call this locality phenomenon. 
In quantum mechanics, we have non-locality 
phenomenon for which the same particle can be in 
many different positions at the same time. This is a 
clear violation of the ME principle for location. The 
non-locality is essential for quantum phenomena. 
Given proposition p = “The particle is in position 
x in the space”, agent gi can say that p is true, but 
agent gj can say that the same p is false.

Individual states of the particle include its posi-
tion, momentum and others. The complete state 
of the particle is a superposition of the quantum 
states of the particle wi at different positions xi 
in the space, This superposition can be a global 
wave function:

Bel m A Pl m A
k

A
k

Ak k

( ) ( ), ( ) ( )Ω Ω
Ω Ω

= =
⊆ ∩ ≠∅
∑ ∑ 

where y = + + +w x w x w x
n n1 1 2 2

.....  
denotes the state at the position xi (D’Espagnat, 
1999). If we limit our consideration by an indi-
vidual quantum state of the particle and ignore 
other states then we are in Mutual Exclusion 
situation of the classical logic (the particle is at 
xi or not). In the same way in AUT, when we 
observe only one agent at the time the situation 
collapses to the classical logic that may not ad-
equately represent many-valued logic properties. 
Having multiple states associated with the par-
ticle, we use AUT multi-valued logic as a way to 

Figure 4. Example of irrational agents for the belief theory

Figure 5. Example of irrational agents for the 
Rough sets theory
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model the multiplicity of states. This situation is 
very complex because measuring position xi of 
the particle changes the superposition value ψ. 
However, this situation can be modelled by the 
first order conflict, because each individual agent 
has no self-conflict.

Quantum Computer

The modern concept of the quantum computer 
is based on following statements (Abbott, Doer-
ing, Caves, Lidar, Brandt, Hamilton, Ferry, Gea-
Banacloche, Bezrukov, & Kish, 2003; DiVincenzo, 
2000; DiVincenzo, 1995; Feynman, 1982; Jaeger, 
2006; Nielsen & Chuang, 2000; Benenti, 2004; 
Stolze & Suter, 2004; Vandersypen, Yannoni, & 
Chuang, 2000; Hiroshi & Masahito, 2006):

1.  Any state denoted as x
i

 is a field of com-
plex numbers on the reference space (posi-
tion and time). In our notation, the quantum 
state is a column of values for different points 
(objects).

2.  Any combination of states n  is a product 
of fields.

Given two atoms with independent states of 
energy nm n m=  the two atoms have the 

state n m and  that is the product of the 
separate state for atom 1 and atom 2.

3.  The space H is the space which dimension 
is the number of elementary fields or states.

4.  In quantum mechanics, we compute the 
probability that the qubit takes values 1 or 
0 in the all space time.

A qubit has some similarities to a classical bit, 
but is overall very different. Like a bit, a qubit can 
have two possible values—normally a 0 or a 1. The 
difference is that whereas a bit must be either 0 or 
1, a qubit can be 0, 1, or a superposition of both.

Explanation:

The classical digital computer operates with bits 
that is with 1 and 0. The quantum computer oper-
ates with two states nm n m=  In quantum 

mechanics, the state 1 0,  is associated with a 
field of probability that the bit assumes the value 
1 in the space time. Thus, in the classical sense 
the bit is 1 in a given place and time. In quantum 
mechanics, we have the distribution of the prob-
ability that a bit assumes the value 1 in the space 
time. Therefore we have a field of uncertainty for 
value 1 as well as a field of uncertainty for value 
0. This leads to the concept of the qubit.

5.  Any space of 2m - 1 dimensions is represented 
by H and UH is the unitary transformation 
of H by which computations are made in 
quantum physics.

Explanation:

H is a matrix of qubits that can assume different 
values. For simplicity we use only the numbers 1 
and 0, where 1 means qubit that assume the value 
1 in the all space time and the same for 0.

In quantum mechanics, the qubit value can 
be changed only with particular transformations 
U or unitary transformations. Only the unitary 
transformations can be applied. Given the unitary 
transformation

1  

such that UT U = I and

U = 
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with 22 = 4 qubits we have

H =
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Also
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is the XOR that can be written as c = a ⊕ b.
In quantum mechanics, (1) is represented by 

the Deutch circuit shown in Figure 6
Now we want to clarify and extend the Deut-

ch’s interpretation of the quantum computer to 
introduce not only a Boolean algebra in the quan-
tum computer, but also a many-valued logic. This 
is more in line with the quantum mechanics in-
trinsic inconsistency due to the superposition of 
mutually exclusive states. In quantum mechanics 
a particle can have two opposite spins at the same 
time and different positions again at the same 
time. Here we cannot apply the mutual exclusive 
states of the classical physics where we have 
logical consistency that is any particle has one 
and only one position.

Permutations, Unitary 
Transformation and Boolean Algebra

In quantum mechanics any physical transforma-
tion is governed by special transformations of 
the Hilbert space of the states. For the unitary 
transformation U the probability of the quantum 
system is invariant. The unitary transformation 
has property U UT = 1 and is extensively used 
in the quantum computer. Now we establish a 

connection between unitary transformation and 
permutation. In fact we have
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Now for

( P  , P  , P  , P ) = ( (0,0) , (0,1) , (1,0) , (1,1) 
1 2 3 4

 

and

Figure 6. Quantum Computer circuit that repre-
sents the transformation
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Q (X,Y) =

0
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1
1

 = X  , Q (X,Y ) =
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Similarly, for the negation we have
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Next we have
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The quantum computer circuit can be explained 
as follows. Having

c = X ⊕ Y = (X ∧ ¬ Y) ∨ (¬ X ∧ Y) we infer 
that

Y = 0 ⇒ X ⊕ Y = X

Y = 1 ⇒ X ⊕ Y = ¬X

Thus, we have what is shown in Figure 7
Now we use a common symbolic representa-

t i o n  o f  e l e m e n t a r y  s t a t e s 
false X X= ¬ ∨ = { }∩ { } = { } = ∅( , ) ( , )1 2 3 4

0  as unitary vectors in 2-D Hilbert space

1  
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Any vector in this 2-D space is a superposition 
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In the classical Boolean algebra, complex 
expressions are obtained by composition using 
the elementary operations (NOT, AND, and OR). 
In quantum computer, we cannot use the same 

elementary operations and must change our point 
of view. The quantum mechanics is based on the 
idea of states, superposition of states, product of 
states (entanglement or relationship among states) 
and the Hilbert space of the states with unitary 
transformation. Thus, the mathematical formalism 
is closer to the vector space than to the Boolean 
algebra. We remark that permutations can be taken 
as generators of mathematical groups. This sets up 
an interesting link between groups of symmetry 
and Boolean algebra, which can lead to a deeper 
connection with the Boolean logic. In fact, given 
the permutation with a set of points P in 2-D space, 
every permutation of the states can generate only 
the following set of Boolean functions
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To obtain the Boolean function NAND we 
must extend the space of the objects and introduce 
a 3-D attribute space. Thus, we have the Toffoli 
transformation and the permutation
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Figure 7. Quantum Computer circuit by NOT 
operation or “¬ “



63

Agents in Quantum and Neural Uncertainty

and

X =

0
0
0
0
1
1
1
1

,Y =

0
0
1
1
0
0
1
1































































































,Z =

0
1
0
1
0
1
0
1




































, H =

0 0 0
0 0 1
0 1 0
0 1 1
1 0 0
1 0 1
1 1 0
1 1 1


































= 

X Y Z

Now we put

Q ( X ,Y, Z) = UH= 

1

1

1

1

1

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 00

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

1

1

1











































































0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1








=































0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 1

1 1 0












 

Thus,

Q (X,Y,Z)= =X ,
1

0

0

0

0

1

1

1

1









































  Q (X,Y,Z)= =Y
2

0

0

1

1

0

0

1

1









































  , Q (X,Y,Z)=
3

0

1

0

1

0

1

1

0









































 

Therefore, 

Q

X=0 Y=0 Z=1

X=1 Y=0 Z=1

X=0 Y=1 Z=1

X=1 Y=1 Z=1

=

1

3

























11

1

0

























= ¬ ∧ =( )X Y X NAND Y

The permutation of (7,8) introduces a zero, 
this Q3 (1, 1, 1) = 0 .

For the permutation we have

Q
3
( , , ) ( )X Y X Y XNAND Y1 = ¬ ∧ =  

and

Y= 
P P P P P P P P

P P P P P P P P
1 2 3 4 5 6 7 8

2 1 4 3 5 6 7 8












= ( , )( ,1 2 3 44

1 0 0 0 0 0 0

1 0 0 0 0 0 0

0 0 1 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0

)

or

UP= 

0

0

0

0

1

1

00 0 0 0 0 1

0 0 0 0 0 0 1

0 0 0

0 0 1

0

0









































00 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1

0 0







































=

11

0 0 0

0 1 1

0 1 0

1 0 0

1 0 1

1 1 0

1 1 1









































 

Also

Q

X=0 Y=0 Z=1

X=1 Y=0 Z=1

X=0 Y=1 Z=1

X=1 Y=1 Z=1

=

0

3

























00

1

1

























=Y  

or

X= 
P P P P P P P P

P P P P P P P P
1 2 3 4 5 6 7 8

2 1 3 4 6 5 7 8












= ( , )( ,1 2 5 66)  

and

UP= 

0

0

1

1

0

0

1 0 0 0 0 0 0

1 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 1 0 0

0 0 0 0 1 0 0

0 0 0 0 0 0 11

0 0 0 0 0 0 1

0 0 0

0 0 1

0 1 0

0 1

0

0









































11

1 0 0

1 0 1

1 1 0

1 1 1

0 0 1

0 0 0

0









































=

11 0

0 1 1

1 0 1

1 0 0

1 1 0

1 1 1









































 

For the operation X ∧ Y, we have the permu-
tation
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For the negation operation, we generate a 
complementary set of permutations and
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For contradiction we have
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Thus, we have the Unitary transformation

Q

X=0 Y=0 Z=1

X=1 Y=0 Z=1

X=0 Y=1 Z=1

X=1 Y=1 Z=1

=

0

3

























00

0

0

























= ¬ ∧X X  

and 

UP= 

0

0

0

0

0

0

1 0 0 0 0 0 0

1 0 0 0 0 0 0

0 0 1 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 1 0 0

0 0 0 0 1 0 0

0 0 0 0 0 0 00

0 0 0 0 0 0 0

0 0 0

0 0 1

0 1 0

0 1

1

1









































11

1 0 0

1 0 1

1 1 0

1 1 1

0 0 1

0 0 0

0









































=

11 1

0 1 0

1 0 1

1 0 0

1 1 1

1 1 0









































This is due to

X X∧ ¬ =











=

P P P P P P P P

P P P P P P P P
1 2 3 4 5 6 7 8

2 1 3 3 6 5 8 7

( , )(1 2 33 4 5 6 7 8, )( , )( , )
 

and

X X= { } ¬ = { }( , ),( , ) , ( , ),( , )1 2 5 6 3 4 7 8  

Next by using the De Morgan rule for negation 
X X∧ ¬ = { }∪ { } = { }( , ),( , ) ( , ),( , ) ( , ),( , ),( , ),( , )1 2 5 6 3 4 7 8 1 2 3 4 5 6 7 8  
we get

¬ ∧ ¬ ∨ ¬(X Y) =( X Y)  

Thus,

¬ ∧











=(X Y)= 

P P P P P P P P

P P P P P P P P
1 2 3 4 5 6 7 8

2 1 4 3 6 5 7 8

( ,7 88

7 8

0 0 0 0 0 0

)

( , )

=

¬ ∧ { } = { }

XNANDY

C
(X Y)= (1,2),(3,4),(5,6)

or

UP= 

1 00

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

1

1

1

1

1

1

1









































0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

11 1 1

0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0









































=

11

1 1 1

1 1 0









































 

Now having permutations and rules to compute 
AND, OR and NOT we can generate any function 
with two variables X and Y. For example,

¬X = 
P P P P P P P P
P P P P P P P P

=1 2 3 4 5 6 7 8

1 2 4 3 5 6 8 7












{(3,4),((7,8)}

¬Y = 
P P P P P P P P
P P P P P P P P

=1 2 3 4 5 6 7 8

1 2 3 4 6 5 8 7












{{(5,6),(7,8)} 

(3,4),(7,8) (5,6)(7,8) (7,8)¬X ¬Y = = = ¬∨ { }∩ { } { } ((X Y)∧

 

Finally in quantum computer, given set of 
elementary permutation

Γ = {(1,2), (3,4), (5,6), (7,8)}

any Boolean function of two variables is a subset 
of Γ.

Agents theory AUT in the quantum interpreta-
tion of logic. For the quantum mechanics the true 
and false value or qbit is given by the elementary 
vectors

¬X = 
P P P P P P P P
P P P P P P P P

=1 2 3 4 5 6 7 8

1 2 4 3 5 6 8 7












{( , ),3 4 (( , )}7 8

Y = 
P P P P P P P P
P P P P P P P P

=1 2 3 4 5 6 7 8

1 2 3 4 6 5 8 7












{((1,2),(3,4)}

(3,4),(7,8) (1,2)(3,4) (3,4)X Y = ¬X Y = =→ ∨ { }∩ { } { }
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where

true =
1
0

 , false = 
0
1

1
0
































=
















0 1

1 0 












 

We define a quantum agent as any entity that 
can define the quantum logic values 
ψ α β

ψ
α
β

= true + false

   now is function of the parameters
































If these parameters are equal to then  
1
0

  

  = true

 
0
1

  

ψ

If these parameters are equal to th
















een

ψ = false

, 

where false can be spin down and true can be spin 
up. Now for different particles a set of logic val-
ues v(p) can be defined by using quantum agents,

y y= true = false ,  

and p is a logic proposition, that is p = “ the par-
t i c l e  i s  i n  t h e  s t a t e 

v(p) = 

v
v
...

  true, false =

1

2

n

k

n

n

























∈ { }where 
11
0

,
0
1















































”. For example the particle can be in the state up 
for the spin or the particle has the velocity v and 
so on.

Definition.A qagent is an agent that performs 
a quantum measure.

The quantum agents or “qagent” and the 
evaluation vector can be written in the language 
of AUT in this usual way

y  

where

v(p) = 
qagent qagent .... qagent

v v .... v
 1 2 n

1 2 n

















 

v  (1,2),(5,6)   k ∈ { }  

and

v(q) = 
qagent qagent .... qagent

....
 1 2 n

1 2 nh h h

















Now we use the previous definition of the 
logic in quantum mechanics, thus

hk  (1,2),(3,4)   ∈ { }  

where

v(p q) = 
qagent qagent .... qagent
v v .... v

1 2 n

1 2 n

∧
∧ ∧ ∧







 h h h

1 2 n








  

Now for

 v  k ∧ ∈{ }∪ { } = { }h
k

(1,2),(5,6) (1,2),(3,4) (1,2),(3,4),(5,6)  

where

v(p q) = 
qagent qagent .... qagent
v v .... v

1 2 n

1 2 n

∨
∨ ∨ ∨







 h h h

1 2 n








  

Finally, we have the logic vector



67

Agents in Quantum and Neural Uncertainty

 v  (1,2),(5,6) (1,2),(3,4) (1,2)k ∨ ∈{ }∩ { } = { }h
k

 

where S1, …,Sn are logic value true and false 
defined by logic operation

For example we have

v(p q) = 
qagent qagent .... qagent

S ....
 1 2 n

1

•














S S

n2

 

for which p • q = p ∨ q, that is represented by the 
subset S = { (1, 2)}, S1, …,Sn are different logic 
values of the operation union generated by the 
unitary matrix in quantum mechanics and the 
quantum measure. Now with the agent interpre-
tation of the quantum mechanics, we can use the 
quantum superposition principle and obtain the 
aggregation of the qagents logic values.

v(p q) = 
qagent qagent .... qagent

S ....
 1 2 n

1

∨














S S

n2

 

For instance, for two conflicting qagents we 
have the superposition

m( ) ......p q p q w S w S w S
n n

• = • = + + +
1 1 2 2

 

Thus, the AUT establishes a bridge between 
the quantum computer based on the Boolean 
logic with the many-valued logic and conflicts 
based on the quantum superposition phenomena. 
These processes are represented by fusion process 
in AUT. The example of many-valued logic in 
quantum computer is given in Table 1. In the 
table 1 any qagent can assume states 
m( )p p w S w S w w= = + = +

1 1 2 2 1 2
1 0  

for a single proposition. For two different propo-
sitions p and q, a qagent can assume one of the 
following possible states:

1 0or  

Also for the superposition we have Table 2.
Now we can assign a fractional value to the 

true logic value as shown in Table 3.

Table 1. Logic operation AND by qagents with quantum states 1 and 0 

p ∧ q 1 1 0 0 1 0 0 1Ù Ù Ù Ù, , ,

qagent qagent1 2
1 1 2 1n n= =











qagent qagent1 2
1 1 2 0n n= =











qagent qagent1 2
1 0 2 1n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 1 2 1n n= =











qagent qagent1 2
1 1 2 1n n= =











qagent qagent1 2
1 1 2 0n n= =











qagent qagent1 2
1 0 2 1n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 1 2 0n n= =











qagent qagent1 2
1 1 2 0n n= =











qagent qagent1 2
1 1 2 0n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 0 2 1n n= =











qagent qagent1 2
1 0 2 1n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 0 2 1n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 0 2 0n n= =










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Correlation (entanglement) in quantum me-
chanics and second order conflict. Consider two 
interacting particles as agents. These agents are 
interdependent. Their correlation is independent 
from any physical communication by any type of 
fields. We can say that this correlation is rather a 
characteristic of a logical state of the particles 

than dependence. We can view the quantum cor-
relation as a conflicting state because we know 
from quantum mechanics that there is a correlation 
but when we try to measure the correlation, we 
cannot check the correlation itself. The measure-
ment process destroys the correlation. Thus, if the 
spin of one electron is up and the spin of another 

Table 3. Many-valued logic in the quantum system 

p ∧ q α β0 0+
qagent qagent1 2
1 1 2 1n n= =











qagent qagent1 2
1 1 2 0n n= =











qagent qagent1 2
1 0 2 1n n= =











qagent qagent1 2
1 0 2 0n n= =









 True ½ True ½ True False

qagent qagent1 2
1 1 2 1n n= =









 ½ True ½ True False False

qagent qagent1 2
1 1 2 0n n= =









 ½ True False ½ True False

qagent qagent1 2
1 0 2 1n n= =









 False False False False

Table 2. Quantum superposition as logic fusion 

p ∧ q
qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 1 2 1n n= =











qagent qagent1 2
1 1 2 0n n= =











qagent qagent1 2
1 0 2 1n n= =











qagent qagent1 2
1 0 2 0n n= =











qagent qagent1 2
1 1 2 1n n= =









 α β1 1+ α β1 0+ α β0 1+

α β0 0+
qagent qagent1 2
1 1 2 0n n= =









 α β1 0+ α β1 0+ α β0 0+

α β0 0+
qagent qagent1 2
1 0 2 1n n= =









 α β0 1+ α β0 0+ α β0 1+

α β0 0+
qagent qagent1 2
1 0 2 0n n= =









 α β0 0+ α β0 0+ α β0 0+
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electron is down the first spin is changed when 
we have correlation or entanglement. It generates 
the change of the other spin instantaneously and 
this is manifested in a statistic correlation differ-
ent from zero. For more explanation see 
D’Espagnat (1999).

NEURAL IMAGE OF AUT

In this section, we show the possibility for a new 
type of neural network based on the AUT. This 
type of the neural network is dedicated to com-

putation of many-valued logic operations used to 
model uncertainty process. The traditional neural 
networks model Boolean operations and classical 
logic. In a new fuzzy neural network, we combine 
two logic levels (classical and fuzzy) in the same 
neural network as presented in Figure 8.

Figures 9-11 show that at the first level we 
have the ordinary Boolean operations (AND, OR, 
and NOT). At the second level, the network 
fuses results of different Boolean operations. As 
a result, a many value logic value is generated as 
Figure 8 shows.

Figure 8. Many-valued logic in the AUT neural network

Figure 9. Many-valued logic operation AND in the AUT neural network
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Now we show an example of many-valued 
logic operation AND with the agents and fusion 
in the neural network. Table 4 presents the indi-
vidual AND operation for a single agent in the 
population of two agents.

qagent qagent1 2
1 0 2 0n n= =









  

With the fusion process in AUT we have the 
many-valued logic in the neural network.

In Table 5 we use the aggregation rule that can 
generate a many-valued logic structure with the 
following three logic values:

nagent nagent
false false

1 2






with equivalent notations

Ω = =










true
true false

false, ,
2 2

Now, having the commutative rule we derive, 
false false

false
+

=
2

The previous composition rule can be written in 
the simple form shown in Table 6 where different 

Figure 10. AUT Many-valued logic operation OR in the AUT neural network

Figure 11.Many-valued logic operation NOT in the AUT neural network
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results for the same pair of elements are located 
in the same cell.

Table 6 contains two different results for the 
AND operation,

false false
false

+
=

2
 

for p = ½ true and q = ½ true.
In this case we have no criteria to choose one or 

the other. Here the operation AND is not uniquely 
defined, we have two possible results one is false 
and the other is ½ true. The first one is shown in 
Table 7 and the second one is shown in Table 8.

The neuron image of the previous operation 
is shown in Figure 12.

Table 4. Agent Boolean logical rule 

p ∧ q
V p q

Agent Agent AgentN
p q p q p

N

( )
...

( ) ( ) ( ) ( ) ... ( )
∨ =

∨ ∨
1 2

1 1 2 2
u u u u u ∨∨









u

N
q( )

nagent nagent
true true

1 2








nagent nagent
true false

1 2








nagent nagent
false true

1 2








nagent nagent
false false

1 2








nagent nagent
true true

1 2








nagent nagent
true true

1 2








nagent nagent
true false

1 2








nagent nagent
false true

1 2








nagent nagent
false false

1 2








nagent nagent
true false

1 2








nagent nagent
true false

1 2








nagent nagent
true false

1 2








nagent nagent
false false

1 2








nagent nagent
false false

1 2








nagent nagent
false true

1 2








nagent nagent
false true

1 2








nagent nagent
false false

1 2








nagent nagent
false true

1 2








nagent nagent
false false

1 2








nagent nagent
false false

1 2








nagent nagent
false false

1 2








nagent nagent
false false

1 2








nagent nagent
false false

1 2








Table 5. Neuronal fusion process 

p ∧ q
true false false true true false

true false
+

=
+

= = = =
2 2 2 2

1
2

1
2

true true
true

+
=

2

true false true+
=

2 2

false true true+
=

2 2

false false
false

+
=

2

true true
true

+
=

2

true true
true

+
=

2

true false true+
=

2 2

false true true+
=

2 2

false false
false

+
=

2

true false true+
=

2 2

true false true+
=

2 2

true false true+
=

2 2

false false
false

+
=

2

false false
false

+
=

2

false true true+
=

2 2

false true true+
=

2 2

false false
false

+
=

2

false true true+
=

2 2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2
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Table 6. Simplification of the Table 5

p ∧ q true false false true true+
=

+
=

2 2 2

true true
true

+
=

2

true

2

false false
false

+
=

2

true true
true

+
=

2

true true
true

+
=

2

true false true+
=

2 2

false false
false

+
=

2

true

2

false true true+
=

2 2

false false
false

+
=

2

false true true+
=

2 2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

Table 7. First operation 

p ∧ q p q false
truetrue true

∧ = ∧ =








2 2 2

, 

true true
true

+
=

2

true

2

false false
false

+
=

2

true true
true

+
=

2

true true
true

+
=

2

true false true+
=

2 2

false false
false

+
=

2

true

2

false true true+
=

2 2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

Table 8. Second operation 

p ∧ q
false false

false
+

=
2

true true
true

+
=

2

true

2

false false
false

+
=

2

true true
true

+
=

2

true true
true

+
=

2

true false true+
=

2 2

false false
false

+
=

2

true

2

false true true+
=

2 2

true

2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2

false false
false

+
=

2
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CONCLUSION

In this chapter, we have summarized the Agent-
based Uncertainty Theory (AUT) and had shown 
how it can model the inconsistent logic values of 
the quantum computer and represent a new many-
valued logic neuron.

We demonstrated that the AUT modeling of the 
inconsistent logic values of the quantum computer 
is a way to solve this old problem of inconsistency 
in quantum mechanics and quantum computer with 
mutually exclusive states. The general classical ap-
proach is based on states and differential equations 
without introduction of elaborated logic analysis. 
In the quantum computer, the unitary transforma-
tion has been introduced in the literature as media 
to represent classical logic operations in the form 
of Boolean calculus in the quantum phenomena. 
In the quantum computer, superposition gives us a 
new type of logic operation for which the mutual 
exclusion principle is not true. The same particle 
can be in two different positions in the same time. 
This chapter explained in a formal way how the 
quantum phenomena of the superposition can be 
formalized by the AUT

Many uncertainty theories emerged such as 
fuzzy set theory, rough set theory, and evidence 
theory. The AUT allows reformulating them in a 

similar way as we did for the quantum mechanics 
and quantum computer in this chapter. Now with 
the AUT, it is possible to generate neuron models 
and fuzzy neuron models that deal with intrinsic 
conflicting situations and inconsistency. The AUT 
opens the opportunities to rebuild previous models 
of uncertainty with the explicit and consistent 
introduction of the conflicting and inconsistent 
phenomena by the means of the many-valued logic.
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KEY TERMS AND DEFINITIONS

Logic of Uncertainty: A field that deals with 
logic aspects of uncertainty modeling.

Conflicting Agents: Agents that have self-
conflict or conflict with other agents in judgment 
of truth of specific statements.

Fuzzy Logic: A field that deals with modeling 
uncertainty based on Zadeh’s fuzzy sets.
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The Agent–Based Uncertainty Theory: 
(AUT): A theory that model uncertainty using 
the concept of conflicting agents.

Neural Network: Used in this chapter to 
denote any type of an artificial neural network.

Quantum Computer: Used in this chapter 
to denote any systems that provide computations 
based on qubits.

Fusion: Used in this chapter to denote a fu-
sion of multi-dimensional conflicting judgments 
of agents.




