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Abstract This work shows how dependence in many-valued logic and probability
theory can be fused into one concept by using copulas and marginal probabilities. It
also shows that the t-norm concept used in fuzzy logic is covered by this approach.
This leads to a more general statement that axiomatic probability theory covers logic
structure of fuzzy logic. This paper shows the benefits of using structures that go
beyond the simple concepts of classical logic and set theory for the modeling of
dependences.

1 Introduction

Modern approaches for modeling uncertainty include Probability Theory (PT),
Many-Valued Logic (MVL), Fuzzy Logic (FL), and others. PT is more connected
with the classical set theory, classical propositional logic, and FL is more connected
with fuzzy sets and MVL. The link of the concept of probability with the classical
set theory and classical propositional logic is relatively straightforward for the case
of a single variable that is based on the use of set operations and logic propositions.
In contrast, modeling joint probability for multiple variables is more challenging
because it involves complex relations and dependencies between variables. One of
the goals of this work is to clarify the logical structure of a joint probability for
multiple variables. Another goal is to clarify links between different logics and joint
probability for multiple variables.

Differences between concepts of probability, fuzzy sets, possibility and other
uncertainty measures have been studied for a long time [1]. Recently several new
attempts have been made to connect the concepts of probability, possibility, and
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fuzzy logic into a single theory. Dubois, Prade and others [2–7] discuss conditional
probability and subjective probability as a mixed concept that includes both fuzzy
and probability concepts.

In [8–11] we proposed the Agent-based Uncertainty Theory (AUT) with a model
for fuzzy logic and many-valued logic that involves agents and conflicts among
agents. Later we extended AUT, providing a more formal description of uncertainty
as the conflict process among agents with the introduction of a: new concept denoted
as an active set [12]. This agent-based approach to uncertainty has a connection with
the recent works in the theory of team semantics [13], and dependence/independence
logic [13, 14].

The dependence logic [13–21] assumes that the logic truth value of a particular
proposition depends on the truth value of other propositions. Dependence logic is
based on team semantics, in which the truth of formulas is evaluated in sets of
assignments provided by a team, instead of single assignments, which is common
in the classical propositional logic, which is truth functional. The basic idea of
dependence logic is that certain properties of sets cannot be expressed merely in terms
of properties satisfied by each set individually. This situation is more complex than
that which is considered in the classical logic approach. It is closer to the agent-based
uncertainty theory [8], and the active sets [12] that deal with the sets of assignments,
generated by teams of agents, which can conflict and produce uncertainty of the truth
value, leading to a many-valued logic. Dependence logic is a special type of the first
order predicate logic. While the goal to go beyond truth-functionality is quite old
in fuzzy logic [22] and the dependence logic is not the first attempt outside of the
fuzzy logic, the major issue is that to reach this goal in practice we need more data
than truth-functional algorithms use. The current survey of attempts to go beyond
truth-functionality is presented in [23].

In PT and statistics, a copula is a multivariate probability distribution function
for “normalized” variables [24]. In other words, copula is a multivariate composi-
tion of marginal probabilities. The copula values represent degrees of dependence
among values of these variables when the variables are “cleared” from differences in
scales and frequencies of their occurrence. This “clearing” is done by “normalizing”
arguments of copula to uniform distributions in [0, 1] interval.

Quite often the probabilistic approach is applied to study the frequency of indepen-
dent phenomena. In the case of dependent variables, we cannot derive a joint proba-
bility p(x1, x2) as a product of independent probabilities, p(x1)p(x2) and must use
the multidimensional probability distribution with dependent valuables. The com-
mon technique for modeling it is a Bayesian network. In the Bayesian approach, the
evidence about the true state of the world is expressed in terms of degrees of belief
in the form of Bayesian conditional probabilities. These probabilities can be causal
or just correlational.

In the probability theory, the conditional probability is the main element to express
the dependence or inseparability of the two states x1 and x2. The joint probability
p(x1, x2, . . ., xn) is represented via multiple conditional probabilities to express the
dependence between variables. The copula approach introduces a single function
c(u1, u2) denoted as density of copula [25] as a way to model the dependence or
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inseparability of the variables with the following property in the case of two vari-
ables. The copula allows representing the joint probability p(x1, x2) as a combina-
tion (product) of single dependent part c(u1, u2) and independent parts: probabilities
p1(x1) and p2(x2).

It is important to note that probabilities p1(x1) and p2(x2) belong to two different
pdfs which is expressed by their indexes in p1 and p2. Below to simplify notation
we will omit these indexes in similar formulas.

The investigation of copulas and their applications is a rather recent subject of
mathematics. From one point of view, copulas are functions that join or ’couple’ one-
dimensional distribution functions u1 and u2 and the corresponding joint distribution
function.

Copulas are of interest not only in probability theory and statistics, but also in many
other fields requiring the aggregation of incoming data, such as multi-criteria decision
making [26], and probabilistic metric spaces [27, 28]. Associative copulas are special
continuous triangular norms (t-norms for short, [29, 30]). They are studied in several
domains such as many-valued logic [31], fuzzy logic and sets [32], agent-based
uncertainty theory and active sets, along with t-conorms to model the uncertainty.

2 Copula: Notation, Definitions, Properties, and Examples

2.1 Notation, Definitions and Properties

Definitions and properties below are based on [24, 33–36].
A joint probability distribution is

p(x1x2, . . .xn) =
p(x1)p(x2|x1)p(x3|x1, x2). . .p(xn|x1, x2, . . . , xn−1).

A function c(u1, u2) is a density of copula for p(x1, x2) if

p(x1, x2) = c(u1u2)p(x1)p(x2) = p(x1)p(x2|x1)

where u1 and u2 are inverse functions,

du1(x1)

dx1
= p(x1), u1(x1) =

x1∫

−∞
p(s)ds,

du2(x2)

dx2
= p(x2), u2(x2) =

x2∫

−∞
p(r)dr
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To simplify notation of u1(x1), u2(x2), . . ., un(xn) sometimes we will write u1,
u2, . . ., un omitting arguments.

A cumulative function C(u1(x1), u2(x2)) with inverse functions ui as arguments
is called a copula and its derivative c(u1, u2) is called a density of copula:

C(u1(x1), u2(x2)) =
x1∫

−∞

x2∫

−∞
c(u1(s), u2(r)p(s)p(r)dsdr =

=
x1∫

−∞

x2∫

−∞
c(u1(s), u2(r)du1(s)du2(r)

c(u1, u2) = ∂2C(u1,u2)
∂u1∂u2

Copula properties for 2-D case:

p(x1)p(x2|x1) = ∂2C(u1, u2)

∂u1∂u2
p(x1)p(x2)

p(x2|x1) = ∂2C(u1, u2)

∂u1∂u2
p(x2)

,

Copula properties for 3-D case:
Joint density function:

p(x1, x2, xn) = p(x1)p(x2|x1)p(x3|x1, x2) =
c(u1, u2, u3)p(x1)p(x2)p(x3)

Copula, copula density, joint and conditional probabilities.
Below in c(u1, u2, u3) we omitted arguments s1, s2, s3 of u1, u2, u3 for simplicity.

C(u1(x1), u2(x2), u3(x3)) =
x1∫

−∞

x2∫

−∞

x3∫

−∞
p(s1, s2, s3)ds1ds2ds3 =

x1∫

−∞

x2∫

−∞

x3∫

−∞
c(u1, u2, u3)p(s1)p(s2)p(s3)ds1ds2ds3 =

x1∫

−∞

x2∫

−∞

x3∫

−∞
p(s1)p(s2|s1)p(s3|s1, s2)ds1ds2ds3

p(x1) = du1

dx1
, p(x2) = du2

dx2
, p(x3) = du3

dx2
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C(u1, u2, u3) =
x1∫

−∞

x2∫

−∞

x3∫

−∞
c(u1, u2, u3)p(s1)p(s2)p(s3)ds1ds2ds3

c(u1, u2, u3) = ∂3C(u1, u2, u3)

∂u1∂u2∂u3

p(x1, x2, xn) = p(x1)p(x2|x1)p(x3|x1, x2) =
∂3C(u1, u2, u3)

∂u1∂u2∂u3
p(x1)p(x2)p(x3)

p(x2|x1)p(x3|x1, x2) = ∂2C(u1, u2, u3)

∂u1∂u2
p(x2)p(x3|x1, x2) =

∂3C(u1, u2, u3)

∂u1∂u2∂u3
p(x2)p(x3)

∂2C(u1, u2, u3)

∂u1∂u2
p(x3|x1, x2) = ∂3C(u1, u2, u3)

∂u1∂u2∂u3
p(x3)

p(x3|x1, x2) = ∂3C(u1, u2, u3)

∂u1∂u2∂u3

1
∂2C(u1,u2,u3)

∂u1∂u2

p(x3)

Copula properties and definitions for general n-D case:

p(xn|x1, x2, . . . , xn−1) =
= ∂nC(u1, u2, . . . , un)

∂u1, . . . , ∂un

1

∂n−1C(u1, u2, . . . , un)

∂u1, . . . , ∂un−1

p(xn)

Conditional copula:

c(xn|x1, x2, . . . , xn−1) =
= ∂nC(u1, u2, . . . , un)

∂u1, . . . , ∂un

1

∂n−1C(u1, u2, . . . , un)

∂u1, . . . , ∂un−1

Density of copula:

∂nC(u1, u2, . . . , un)

∂u1, . . . , ∂un
= c(u1, u2, . . . , un)

vladik@utep.edu



256 G. Resconi and B. Kovalerchuk

2.2 Examples

When u(x) is a marginal probability Fi(x), u(x) = Fi (x) and u is uniformly dis-
tributed, then the inverse function x(u) is not uniformly distributed, but has values
concentrated in the central part as in the Gaussian distribution. The inverse process
is represented graphically in Figs. 1 and 2.

Consider another example where a joint probability density function p is defined
in the two dimensional interval [0, 2]×[0, 1] as follows,

p(x, y) = x + y

3

Then the cumulative function in this interval is

C(x, y) =
x

∫

−∞

y
∫

−∞
p(s, r)dsdr =

x
∫

−∞

y
∫

−∞

s + r

3
dsdr = xy(x + y)

6
(1)

Next we change the reference (x, y) into the reference (u1, u2). For

p(x1) = du1

dx1
, p(x2) = du2

dx2

Fig. 1 Relation between
marginal probability Fi(x)
and the random variable x
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Fig. 2 Symmetric joint probability and copula

and use the marginal probabilities

u1(x) =
∫ x

−∞
p(s)ds, u2(y) =

∫ y

−∞
p(r)dr

to get

u1(x) = C(x, 1) = x(x + 1)

6
, x ∈ [0, 2]

u2 = C(2, y) = y(y + 2)

6
y ∈ [0, 1]

This allows us to compute the inverse function to identify the variables x and y
as functions of the marginal functions u1 and u2:

x(u1) =
√

1 + 24u1 − 1

2
y(u2) = √

1 + 3u2 − 1

Then these values are used to compute the copula C in function (1),
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C(u1, u2) =
√

1 + 24u1 − 1

2
(
√

1 + 3u2 − 1)

√
1 + 24u1 − 1

2
+ (

√
1 + 3u2 − 1)

6

=
√

1 + 24u1 − 1

2
(
√

1 + 3u2 − 1)

√
1 + 24u1 − 1

2
+ (

√
1 + 3u2 − 1)

6

(2)

3 Approach

3.1 Meaning of Copulas

The main idea of the copula approach is transforming a multivariate probability
distribution F(x1, x2, . . ., xn) into a “normalized” multivariate distribution called
a copula. The normalization includes transforming each of its arguments xi into
the [0, 1] interval and transforming the marginal distributions Fi(xi) into uniform
distributions. The main result of the copula approach (Sklar’s Theorem [24, 35, 36])
is the basis for this. It splits modeling the marginal distributions Fi(x) from the
modeling of the dependence structure that is presented by a normalized multivariate
distribution (copula).

What is benefit of splitting? The copula is invariant under a strictly increasing
transformation. Thus variability of copulas is less than the variability of n-D prob-
ability distributions. Therefore the selection of the copula can be simpler than the
selection of a generic n-D probability distribution.

Next building a multivariate probability distribution, using the copula, is relatively
simple in two steps [37, 38]:

(1) Selecting the univariate margins by transforming each of the one-factor distri-
butions to be a uniform by setting ui = Fi(xi) where the random variable ui is
from [0, 1].

(2) Selecting a copula connecting them by using the formula (3).

C(u1, u2, . . . , un) = F−1(F−1
1 (u1), F−1

2 (u2), . . . , F−1
n (un)) (3)

These selections are done by using available data and a collection of parametric
models for the margins Fi(xi) and the copula to fit the margins and the copula
parameters with that data.

Next the property
∂nC(u1, u2, . . . , un)

∂u1, . . . , ∂un
= c(u1, u2, . . . , un) is used to produce

pdf

p(x1, x2, . . ., xn) = c(u1, u2, . . ., un)p(x1)p(x2). . .p(xn)
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where c is a copula density. Another positive aspect of using copulas is the abilities
to generate a significant number of samples of n-D vectors that satisfy the copula
probability distribution. After a copula in a “good” analytical form is approximated
from the limited given data, a copula distribution can be simulated to generate more
samples of data distributed according to it.

This is a known practical value of copulas. Does it ensure the quality/value of
the produced multivariate distribution? It is noted in [24] that copulas have limited
capabilities for constructing useful and well–understood multivariate pdfs, and much
less for multivariate stochastic processes, quoting [39]: “Religious Copularians have
unshakable faith in the value of transforming a multivariate distribution to its copula”.
These authors expect future techniques that will go beyond copulas. Arguments of
heated discussions on copulas can be found in [40]. The question “which copula to
use?” has no obvious answer [24]. This discussion reminds us a similar discussion
in the fuzzy logic community on justification of t-norms in fuzzy logic.

3.2 Concept of NTF-Logical Dependence

Dependences traditionally are modeled by two distinct types of techniques based
on the probability theory or logic (classical and/or many-valued). It is commonly
assumed that dependencies are either stochastic or non-stochastic. Respectively it is
assumed that if the dependence is not stochastic then it must be modeled by methods
based on the classical and many-valued logic not by methods based on the probability
theory.

This is an unfortunate and too narrow interpretation of probabilistic methods.
In fact Kolmogorov’s measures (K-measures) from the probability theory allow
modeling both stochastic and non-stochastic “logical” dependencies (both classical
and multi-valued). The basis for this is simply considering these measures as gen-
eral measures of dependence, not as the frequency-based valuations of dependence.
For instance, we can measure the dependence between two circles by computing a
ratio S/T, where S is the area of their overlap and T is the total area of two circles.
This ratio satisfies all of Kolmogorov’s axioms of the probability theory, which is
a “deterministic” method to measure the dependence in this example without any
frequency.

Moreover, many dependencies are a mixture of stochastic and non-stochastic com-
ponents. These dependencies also can be modeled by K-measures. Below we show
this. Consider a dependency that is a mixture of stochastic and non-stochastic com-
ponents. We start from a frequency-based joint probability distribution F(x1, . . ., xn)
and extract from it a dependence that is not a stochastic dependence, but is a “logi-
cal”, “deterministic” dependence. How do we define a logical dependence?

We will call dependence between variables x1, . . ., xn a Non-Truth-Functional
Logical Dependence (NTF-logical dependence) if it is derived from F , but does not
depend on the frequencies of occurrence of x1, . . ., xn.
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Fig. 3 Asymmetric joint probability and symmetric copula

How do we capture this logical dependence? We use a copula approach outlined
above. First we convert (normalize) all marginal distributions Fi(xi) of F to uniform
distributions u1, . . ., un in [0, 1]. This will “eliminate” the dependence from fre-
quencies of variables and differences in scales of variables. Next we build a copula:
dependence C between u1, . . ., un, C: {(u1, . . ., un)} →[0, 1].

Figure 3 illustrates the difference between two dependencies. The first one is
captured by F and the second one is captured by C . Copula C tells us that the logical
dependence between x1 and x2 is symmetric, but differences in frequencies make the
dependence asymmetric that is captured by F .

A similar idea is used in machine learning and data mining for discovering depen-
dencies in data with imbalanced classes. For instance, in cancer diagnostics we can
get many thousands of benign training cases and fortunately a much less number of
malignant training cases. The actual discovery of the dependency (diagnostic rule)
is conducted by selecting a similar number of training cases from both classes [41]
which can be done by “normalizing” the marginal distributions of training data to
the uniform distributions in each class in a coordinated way.

If F is not based on the frequencies then the interpretation of the marginal distrib-
utions is not that obvious. We still can formally convert marginal distributions Fi(xi)
to uniform distributions and analyze two distributions F and C . In this case both dis-
tributions can be considered as logical dependencies. Here the copula will indicate
dependence where some properties F are eliminated (lost). The usefulness of such
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elimination must be justified in each particular task. In essence we should show that
eliminated properties are not about the mutual dependence of the variables, but are
about other aspects of the variables, or even completely irrelevant, insignificant or
“noise”.

Note that the defined logical dependence is not expressed in the traditional logic
form, e.g., as a propositional or first order logic expression, but as a copula, that is a
specialized probability distribution. In fact, the copula corresponds to a set of logical
expressions

{(x1 = a1)&(x2 = a2)&. . .&(xn = an) with probability c(x1, x2, . . ., xn)}

where c is a copula density.
The interpretation of copula as NTF-dependence is one of the key new points of

this work showing how dependence in many-valued logic and probability theory can
be fused in one concept by using copulas and marginal probabilities to clarify the
relations between PT, FL and MVL. The next sections elaborate this approach.

3.3 Copula and Conditional Probability

Conditional probabilities capture some aspects of dependence between variables that
include both frequency-based and logic based aspects. The relations between copula
density and conditional probability are as follows as has been shown in Sect. 2:

p(x2|x1) = c(u1, u2)p(x2) p(x1|x2) = c(u1, u2)p(x1)
p(x2|x1)/p(x2) = c(u1, u2) p(x1|x2)/p(x1) = c(u1, u2)

This shows that copula density as a “frequency-free” dependence can be obtained
from frequency-dependent conditional probabilities p(x1|x2) by “normalizing” it.
We also can see that

p(x2|x1) ≤ c(u1, u2)

p(x1|x2) ≤ c(u1, u2)

because p(x2) ≤ 1. In other words, frequency-free measure of dependence is no
less than max of conditional probabilities:

max(p(x1|x2), p(x2|x1)) ≤ c(u1, u2)

In a logical form copula density represents a measure c(u1, u2) of dependence for
the conjunction,

(x1 = a1) & (x2 = a2)
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In contrast the conditional probabilities p(x1|x2) and p(x2|x1) represent measures
of dependence for the implications:

(x1 = a1) ⇒ (x2 = a2), (x2 = a2) ⇒ (x1 = a1).

In a general case the relation between conditional probability and copula involves
conditional density of copula as shown in Sect. 2.

p(xn|x1, . . . , xn−1) = c(xn|x1, . . . , xn−1)p(xn)

This conditional density of copula also represents a frequency-free dependence
measure.

3.4 Copulas, t-norms and Fuzzy Logic

Many copulas are t-norms [42], which are the basis of many-valued logics and
fuzzy logic [31, 32]. Many-valued logics, classical logic, and fuzzy logic are truth-
functional: “…the truth of a compound sentence is determined by the truth values of
its component sentences (and so remains unaffected, when one of its component sen-
tences is replaced by another sentence with the same truth value)” [31]. Only in very
specific and simple for modeling cases, probabilities and copulas are made truth-
functional. This is a major difference from t-norms that are truth-functional. The
impact of the truth functionality on fuzzy logic is shown in the Bellman-Giertz the-
orem [43]. Probability theory, fuzzy logic and many-values logics all used t-norms,
but not in the same way.

The concept of copula and t-norm are not identical. Not every copula is a
t-norm [42] and only t-norms that satisfy the 1-Lipschitz condition are copu-
las [44]. Equating t-norms with copulas would be equating truth-functional fuzzy
logic with probability theory that is not truth-functional. A joint probability den-
sity p(x1, x2) in general cannot be made a function of only p(x1) and p(x2). A
copula density or a conditional probability is required in addition due to properties
p(x1, x2) = c(x1, x2) p(x1)p(x1) and p(x1, x2) = p(x1|x2)p(x2). In this sense the
probability theory is more general than fuzzy logic, because it covers both truth-
functional and non-truth functional dependences. Thus, in some sense fuzzy logic
with t-norms represents the “logic of independence”. On the other side, the copula
gives a probabilistic interpretation of the fuzzy logic t-norms as well as interpretation
of fuzzy logic theory as a many-valued logic.

Postulating a t-norm is another important aspect of the differences in the usage
of copulas in FL and PT. In FL and possibility theory, a t-norm, e.g., min(x1, x2) is
often postulated as a “universal” one for multiple data sets, without the empirical
justification for specific data.

In PT according to Sklar’s Theorem [24, 35, 36], the copula C(u1, . . . , un) is
specific/unique for each probability distribution F with uniform marginals. If this
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copula happened to be a t-norm, then it is a unique t-norm, and is also specific for
that probability distribution.

This important difference was also pointed out in [45]: “In contrast to fuzzy
techniques, where the same “and”-operation (t-norm) is applied for combining all
pieces of information, the vine copulas allow the use of different “and”-operations
(copulas) to combine information about different variables.” Note that the copula
approach not only allows different “and”-operations but it will actually get different
“and”-operations when underlying joint probability distributions differ. Only for
identical distributions the same “and”-operations can be expected.

The t-norm min(x1, x2) is a dominant t-norm in FL and possibility theory. This
t-norm is known in the copula theory as a comonotonicity copula [46]. It satisfies a
property

P(U1 ≤ u1, . . ., Ud ≤ ud) = P(U ≤ min{u1, . . ., ud}) = min{u1, . . ., ud}, u1, . . ., ud ∈ [0, 1]

where a single random uniformly distributed variable U ∼ U[0, 1] produced the
random vector (U1, . . ., Ud) ∈ [0, 1]d. The variables of the comonotonicity copula
are called comonotonic or perfectly positively dependent variables [47].

3.5 Forms of Dependence Based on Common Cause and
Direct Interaction

Forms of dependence. Dependence can take multiple forms. One of them is depen-
dence with common source/cause, i.e., a third object S is a cause of the dependence
between A and B. We will call it as third-party dependence. In dancing music, S
serves as the third party that synchronizes dancers A and B. In physics such a type of
dependence is often apparent in synchronization of events, e.g., in laser photon syn-
chronization the source for the photon synchronization is interaction of the photons
in a crystal.

Technically the dependencies between A and B in these cases can be discov-
ered by using the correlation methods, which includes computing the copulas and
the conditional probabilities p(A|B), p(B|A). However, correlation methods do not
uncover the type of dependency, namely third-party dependence or dependence as a
result of direct local interaction of objects A and B. The last one is a main type of
laws in the classical physics.

Historically correlation based dependencies (e.g., Kepler’s laws) were augmented
later by more causal laws (e.g., Newton’s laws). It was done via accumulation of more
knowledge in the physics area and much less by more sophisticated mathematical
methods for discovering the causal dependencies. This is an apparent now in con-
structing Bayesian networks (BN) where causal links are mostly built manually by
experts in the respective field. Links build by discovering correlations in data are still
may or may not be causal.
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4 Physics and Expanding Uncertainty Modeling
Approaches

This section provides physics arguments for expanding uncertainty modeling
approaches beyond current probability theory and classical and non-classical log-
ics to deal with dependent/related evens under uncertainty. After that we propose a
way of expanding uncertainty modeling approaches. The first argument for expan-
sion is from the area of duality of particles and waves and the second one is from the
area of Bell’s inequality [48, 49]. The dependencies studied in the classical physics
can be described using the classical logic and the classical set theory.

Logic operates with true/false values assigned to states of particles. To establish
the true state of a particle without involving fields it is sufficient to know the state
of the individual particle without considering all the others particles. In this sense
particles are independent one from the others. In this sense the classical logic and
the associated set theory are the conceptual instruments to study classical physics.
In quantum physics with the “entanglement” the states of all particles are “glued” in
one global entity where any particle is sensitive or dependent to all the others. In this
sense the information of any individual particle (local information) is not sufficient to
know the state of the particle. We must know the state of all the other particles (global
information) to know the state of one particle. The physical phenomena that are
studied in the quantum physics have more complex (non-local) dependencies where
one physical phenomenon is under the influence of all the other phenomena both local
and non-local. These dependencies have both stochastic probabilistic component
(that can be expressed by a joint probability) and a logic component that we express
by copula.

4.1 Beyond Propositional Logic and Probability Theory

Particles and waves are classically considered as distinct and incompatible concepts
because particles are localized and waves are not [50]. In other words, particles
interact locally or have local not global dependence, but waves interact non-locally
possibly with all particles of its media [51]. The classical propositional logic and set
theory have no tools to deal with this issue and new mechanisms are needed to deal
with it. The global dependence (interaction with non-local elements of the media)
is a property of the structure of the media (whole system). Feynman suggested a
concept of the negative probability that later was developed by Suppes and others
[51–54] to address such issues.

Limitations of probability theory. Kolmogorov’s axioms of PT deal only with
one type of dependence: dependence of sets elementary events in the form of their
overlap that is presence of the common elements in subsets. This is reflected in the
formula for probability of the union A ∪ B:
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p(A ∪ B) = p(A) + p(B) − p(A ∩ B).

where dependence is captured by computing p(A ∩ B) and subtracting it to get
p(A ∪ B).

While capturing overlap is a huge advantage of PT over truth-functional logics
(including fuzzy logic and possibility theory) that do not take into account overlap
A ∩ B. However, axioms of the probability theory do not include other depen-
dencies. In fact, PT assumes independence of each elementary event from other
elementary events, requiring their overlap to be empty, ea ∩ eb = ∅.

What are the options to deal with the restriction of the probability theory in the
tasks where more dependencies must be taken into account?

We have two options:

• The first option is to choose other elementary events that will be really independent.
• The second one is incorporating relations into a new theory.

The first option has difficulty in quantum physics. Particles are dependent and
cannot serve as independent elementary events. This creates difficulties for building
a classical probabilistic theory of particles. Next, at a particular time, we simply may
have no other candidates for elementary events that would be more elementary than
particles.

Generalization of Probability The previous analysis shows that we need to
explore the second option: adding relations between elementary events and their
sets. Below we propose a generalization of the probability for dependent events that
we call relation-aware probability.

Let {R+
i (A, B)} be a set of “positive relations” and {R−

j (A, B)} be a set of
“negative relations” between sets A and B. Positive relations increase probability
p(A ∪ B) and negative relations decreases probability p(A ∪ B).

Next we introduce probability for relations {p(R+
i (A, B))}, {p(R−

j (A, B))} and
define the relation-aware probability of the union:

p (A ∪ B) = p (A) + p (B) +
n

∑

i=1

p(R+
i (A, B)) −

m
∑

j

p(R−
j (A, B))

The classical formula

p (A ∪ B) = p (A) + p (B) − p(A ∩ B)

is a special case of this probability with the empty set of positive relations and with
a single negative relation, R (A, B) ≡ A ∩ B 
= ∅ that is intersection of A and B is
not empty. A negative relation can work as “annihilator”. A positive relation between
A and B can work as a catalyst to increase A or B. For instance, we can get

p (A ∪ B) = p (A) + p (B) + 0.2p (A) + 0.1p(B) − p(A ∩ B).
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As a result, the relation-aware probability space can differ from Kolmogorov’s prob-
ability space having the more complex additivity axioms.

Another potential approach is associated with changing the classical logic into
logics that allow conflicts, e.g., fuzzy logic, agent model of uncertainty [8], and
active sets [12]. This will make the paradox more apparent due to abilities to embed
the conflict via gradual measures of uncertainty such as known in fuzzy logic, and
many-valued logic.

4.2 Beyond the Set Theory: Bell Inequality

Consider sets S1-S8 formed by three circles A, B and C as shown in Fig. 4, e.g.,
S1 = A ∩ B ∩ C and S8 = AC ∩ BC ∩ CC for complements of A, B and C. These sets
have the following classical set theory properties that include the Bell’s inequality

(A ∩ BC) ∪ (B ∩ CC) = S1 ∪ S7 ∪ S4 ∪ S6

A ∩ CC = S7 ∪ S4

A ∩ CC ⊆ (A ∩ BC) ∪ (B ∩ CC)
∣

∣A ∩ CC
∣

∣ ≤ ∣

∣(A ∩ BC) ∪ (B ∩ CC)
∣

∣

Next consider the correlated (dependent) events, for instance we can have an
event with the property A, and another event with a negated property AC. This is a
type of dependence that takes place for particles. Consider an event with property
A ∩ CC that is with both properties A and CC at the same time. We cannot measure
the two properties by using one instrument at the same time, but we can use the
correlation to measure the second property, if the two properties are correlated. We
can also view an event with property A ∩ CC as two events: event e1 with property
A and e2 with the property C in the opposite state (negated). The number of pairs
of events (e1, e2) is the same as the number of events with the superposition of A
and CC , A ∩ CC . In [49] d’Espagnat explains the connection between the set theory

Fig. 4 Set theory
intersections or elements

S1 

A
B

C

S2 

S6 

S5 

S4 

S3 

S7 

S8 
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and Bell’s inequality. It is known that the Bell’s inequality that gives us the reality
condition is violated [48].

How to reconcile the logic Bell’s inequality and its violation in physics? The Bell
inequality is based on the classical set theory that is consistent with the classical
logic.

The set theory assumes empty overlap (as a form of independence) of elementary
units. For dependent events the Bell’s inequality does not hold. Thus the logic of
dependence (logic of dependent events) must differ from the logic of independence
(logic of independent events) to resolve this inconsistence. It means that we should
use a theory that is beyond the classical set theory or at least use the classical set
theory differently. The dependence logic [14, 15] is one of the attempts to deal with
these issues.

4.3 Dependence and Independence in the Double Slit
Experiment

The double slit experiment involves an electron gun that emits electrons through
a double slit to the observation screen [55, 56]. Figure 5 [51] shows theoretical
result of the double slit experiment when only the set theory is used to combine
events: one event e1 for one slid and another event e2 for the second slid. In this set-
theoretical approach it is assumed that events e1 and e2 are elementary events that do
not overlap, (e1 ∩ e2) = ∅, independent). In this case, the probability p (e1 ∩ e2) = 0
and the probability that either one of these two events will occur is p (e1 ∪ e2) =
p (e1) + p(e2). The actual distribution differs from distribution shown in Fig. 5 [51].

As an attempt to overcome this dependence difficulty and related non-monotonicity
in quantum mechanics the use of upper probabilities, with the axiom subadditivity,
has been proposed [51–54].

Below we explore whether the copula approach and relation-aware probability
can be helpful in making this dependence evident and explicit. The relation-aware
probability is helpful, because it explicitly uses the relations that are behind the
dependences. This is its advantage relative to negative probabilities. The axioms of
negative probability have no such components.

Fig. 5 [51]. Distribution of
independent particles
(events)
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The value of the copula approach for this task needs more explorations. Copula
allows representing the actual distribution F as a composition that includes the
copula. The actual distribution is [51]

p(α1, α2) = k cos2(α1 − α2)

Respectively its copula is

C(F(α1), F(α2)) = k sin2[A · B − C · D] = C(u1, u2) (4)

A = 1

2

⎛

⎝

π
2 ±

√

( π
2 )2 + 16

π
arccos( 1

k

√
F1(α1))

2

⎞

⎠

2

B =
π
2 ∓

√

( π
2 )2 + 16

π
arccos( 1

k

√
F2(α2))

2

C =
⎛

⎝

π
2 ∓

√

( π
2 )2 + 16

π
arccos( 1

k

√
F2(α2))

2

⎞

⎠

2

D =
π
2 ±

√

( π
2 )2 + 16

π
arccos( 1

k

√
F1(α1))

2

This copula represents the dependence with the eliminated impact of marginal
distributions via conversion of them into the uniform distribution. In this way the
copula has the meaning of graduate dependence between variables resembling the
many-valued logic, and t-norm compositions of variables. This is a valuable property.
Thus while the copula is still a probability distribution it also represents a gradual
degree of truth and falseness. The copula (5) is tabulated as follows:

M1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0.846 0.7 0.561 0.43 0.307 0.192 0.088 0
0.846 1 0.969 0.899 0.805 0.692 0.56 0.401 0.125
0.7 0.969 1 0.979 0.923 0.839 0.725 0.572 0.25

0.561 0.899 0.979 1 0.982 0.93 0.843 0.708 0.375
0.43 0.805 0.923 0.982 1 0.982 0.927 0.82 0.5
0.307 0.692 0.839 0.93 0.982 1 0.98 0.909 0.625
0.192 0.56 0.725 0.843 0.927 0.98 1 0.973 0.75
0.088 0.401 0.572 0.708 0.82 0.909 0.973 1 0.875

0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

It has the same form in its extreme values as classical logic equivalence relation
(≡).
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y = x1 ≡ x2 =
⎡

⎣

1 0
1 1 0
0 0 1

⎤

⎦

This link is also evident from [42, p. 182]:

C(x, 0) = C(0, x) = 0, C(x, 1) = C(1, x) = x

which is true for all x from [0, 1] including x = 1.

5 Conclusion and Future Work

This paper had shown the need for a theory beyond the classical set theory, classical
logic, probability theory, and fuzzy logic to deal with dependent events including
the physics paradox of particles and waves and the contradiction associated with the
Bell inequality.

It is shown that the copula approach and relation-aware probability approach are
promising approaches to go beyond the limitations of known approaches of PT, FL,
MVL, and the classical set theory. Specifically copula and relation-aware proba-
bility approaches allow making dependences between variables in multidimensional
probability distributions more evident with abilities to model the dependencies and
relations between multiple variables more explisit.

It is pointed out that the concept of copula is more general than the concept of
t-norm. Therefore the probability theory in some sense is more general than fuzzy
logic, because it covers both truth-functional and non-truth functional dependences.

The third-party dependence, direct local interaction and causal dependence are
analyzed concluding that discovering causal dependencies is far beyond current
approaches in PT, FL, and MVL.

We introduced the concept of a Non-Truth-Functional Logical Dependence (NTF-
logical dependence) derived as a copula from multidimensional probability distrib-
ution that does not depend on the frequencies of occurrence of variables. The inter-
pretation of copula as NTF-dependence is one of the key of new points of this work.
It shows how dependence in many-valued logic and probability theory can be fused
in one concept by using the copulas and marginal probabilities to clarify the rela-
tions between PT, FL, and MVL to give a “frequency-free” dependence measure. It
shows how, starting from probability and specifically from conditional probability,
we introduce “logic” dependence.

We conclude that presence of t-norms in both probability theory (in copulas), and
in fuzzy logic, creates a new opportunity to join them using t-norm copulas as a
bridge.

Future directions are associated with linking the proposed approaches with depen-
dence logic. Dependence logic proposed in 2007 [14] was later expanded to the
contexts of modal, intuitionistic and probabilistic logic. Its goal is modeling the
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dependencies and interaction in dynamical scenarios. It is a type of first-order logic,
and a fragment of second-order logic. While it claims applications in a wide range of
domains from quantum mechanics to social choice theory, it still is in earlier stages
of applications.

Another future opportunity to build the more realistic uncertainty modeling
approaches is associated with the involvement of agents. Agents and teams of agents
often are a source of input data, and the values of probabilities, copulas, and t-
norms. The situation, when these agents are in a total agreement, can be modeled as
a total dependence of their valuations, graduated or discrete (True/False). When a
team of agents is in a conflict with each other in the valuation of the same attribute,
they provide conflicting degrees of truth/falseness, which require adequate model-
ing approaches [8]. Active sets [12] that represent sets of agents can be a bridge
between the many-valued logic, and fuzzy sets for providing the interpretable input
data (valuations).
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